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Abstract

We consider the canonical multi-dimensional mechanism design setting: a seller has m items

for sale to n additive bidders, with bidder k’s value vkℓ for item ℓ ∈ [m] drawn independently

from distribution Dkℓ supported on [0, 1]. The seller begins with a mechanism M′ that is

ε-Bayesian Incentive Compatible, and desires a new mechanism M that is exactly Bayesian

Incentive Compatible with minimal loss in revenue. Our main result is a black-box reduction

that, given only sample access to each Dkℓ and query access toM′, produces anM with revenue

at least that ofM′ within an additive O(n
√
ε), resolving the main open problem left in [GW18].

The main distinction to prior work ( [HKM11,DW12,RW18,DHKN17,COVZ19]) is our sample

complexity of poly(n,m, 1/ε) rather than poly(n, exp(m), 1/ε). A corollary of our main result

(together with [GW18]) is an algorithm to find an up-to-ε revenue-optimal mechanism using

only poly(n,m, 1/ε) samples from each Dkℓ. We also extend our results to the more general

notion of Lipschitz valuations over independent items, which includes additive, unit-demand,

and various other natural classes of valuations.

∗Majority of work done while at Princeton University. Correspondence to aryam@cs.cmu.edu.
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1 Introduction

The revenue-optimal sale of multiple items to multiple bidders by a single seller is a fundamental

problem that has become a cornerstone of Economics and Computation since its introduction

by seminal work of [CHK07]. In this problem, the seller has a prior distribution over buyers’

valuations, and her goal is to design a truthful mechanism that maximizes her expected revenue

over the randomness of these valuations.

Due to known intractabilities along several dimensions with arbitrary priors [CM88,BCKW15,

HN13], an overwhelming fraction of the literature therefore focuses on the “independent items”

regime – the prior draws each bidder’s value for each item independently. In this regime, seminal

work of [Mye81] characterizes the revenue-optimal truthful mechanism for selling a single item to

multiple bidders. With multiple heterogeneous items, works of [CHK07,CHMS10,CMS15,HN17,

LY13,BILW20,Yao15,RW18,CDW16,CZ17,EFF+21,JL24] design constant-factor approximations

in richer and richer settings.

One direction left unaddressed by these works is how exactly the auctioneer forms this prior,

and in particular how much data is necessary to form a sufficiently accurate prior. Seminal

work of [CR14] initiates the study of sample complexity to address this challenge, and subse-

quent works of [DHP16,RS16,GN17,Syr17,GHZ19,GJZ21,HHSW21,JLX23,MR16,MR16,BSV16,

BSV18,Syr17,TW25] recover a wide range of the aforementioned known-prior results with instead

only polynomially-many samples from the prior.

Sample-Efficient Near-Optimal Mechanisms. [GW18] find near-optimal (i.e. up to an addi-

tive ε, rather than a constant-factor approximation) auctions with multiple heterogeneous items

using polynomially-many samples. However, their work has the following shortcoming: all other

aforementioned works design exactly truthful mechanisms that suffer error only in revenue guaran-

tees. [GW18], on the other hand, designs an approximately truthful mechanism that suffers error

both in incentive compatibility and in revenue guarantees. Formally, their output mechanism is

ε-Bayesian Incentive Compatible (ε-BIC) and achieves revenue within an additive ε of the revenue-

optimal mechanism using poly(n,m, 1/ε) samples. Small loss in revenue is unavoidable – without

knowing the prior exactly, there is simply no way to guess the precise revenue-optimal auction.

Small loss in incentive guarantees, however, may be entirely avoidable. Moreover, even a small loss

in incentive guarantees, especially for Bayesian Incentive Compatibility, carries additional cost –

if any single bidder executes a profitable deviation, this distorts other bidders’ incentives, perhaps

creating even larger incentives for those bidders to deviate. The primary open question left open

by [GW18] is to design exactly truthful mechanisms with comparable revenue guarantees using

polynomially-many samples. A corollary of our main result (together with [GW18]) resolves this

open problem.

ε-BIC-to-BIC Reductions. The ideal approach to resolve this problem would be an ε-BIC-to-

BIC reduction: a procedure to take as input any ε-BIC mechanism M and output an exactly BIC

mechanism M ′ with revenue poly(n,m, ε) within that of M . Indeed, such reductions exist in quite

broad settings – building from algorithms-to-BIC reductions of [HKM11,BH11,DHKN17], works

of [DW12,RW18,COVZ19] design ε-BIC-to-BIC reductions. [DHKN17,COVZ19] moreover require

only sample access to the underlying prior. But, all prior works require complexity polynomial in

the size of an ε-net of a single bidder’s valuation space, which is exponential in the number of items.

[GW18] therefore concretely ask whether a ε-BIC-to-BIC reduction exists with poly(n,m, 1/ε)
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samples in the case of independent items. Our main result resolves this question in the affirmative,

and implies the earlier aforementioned resolution after plugging in [GW18]’s ε-BIC mechanism.

The remainder of this section overviews our main result and technical highlights in more detail.

Key Conceptual Challenge. On first glance, it may seem surprising that this problem stood open

for eight years. After all, we can certainly “learn” a product distribution by learning its marginals,

and indeed learning the marginals does suffice to “learn” the distribution. But, typical learning

comes with some (often small) error, and so the key challenge is that exact incentive compatibility

requires zero tolerance for error, and even an exponentially small failure probability is insufficient.

Most prior work in sample complexity of mechanism design dodges this challenge by explicitly

learning over on Dominant Strategy Incentive Compatible mechanisms (where incentive compati-

bility is a property of the mechanism that holds for all distributions and requires no learning what-

soever) [CR14,DHP16,MR16,MR16,RS16,BSV16,Syr17,CD17,BSV18,GHZ19,GJZ21,HHSW21,

JLX23,TW25]. But, if we wish to consider near-optimal mechanisms in multi-dimensional settings,

we must consider Bayesian Incentive Compatible mechanisms,1 where Incentive Compatibility itself

depends on D and therefore must be “learned”.

Indeed, only two prior works directly address this challenge, and do so using machinery similar

to Bernoulli factories2 [DHKN17, COVZ19].3 Our approach certainly leverages their prior ma-

chinery, but our key technical contribution is a novel method to protect exact Bayesian Incentive

Compatibility despite inevitable low-probability failures in learning.

1.1 Main Result 1: Polynomial Sample Complexity

The main result of this paper is a sample-efficient and revenue-preserving ε-BIC-to-BIC transfor-

mation that converts an ε-BIC mechanism M′ for n additive bidders whose values for m items

are drawn from the product distribution D := ×k∈[n],ℓ∈[m]Dkℓ into an exactly BIC mechanismM.

Like [GW18], we assume that values are bounded,4 and our main result extends well beyond addi-

tive valuations to the entire class of Lipschitz valuations.5 The transformation is sample-efficient

in that it requires only a polynomial number of samples from D, and revenue-preserving in that

the revenue loss is bounded by n
√
ε.6 Moreover, the transformation only requires query access to

the mechanismM′, that is, we treatM′ as a black-box that takes as input a profile of values and

outputs an allocation and payments.

Main Result 1 (Informal, see Theorem 6.1). Given sample access to a bounded product distri-

bution D := ×k,ℓDkℓ for n bidders with Lipschitz valuations and m items, and query access to

an ε-BIC mechanismM′ for D, we can construct a mechanismM that is exactly BIC for D and

1Due to known separations between the achievable revenue of the optimal DSIC mechanism and the optimal BIC
mechanism even in extremely simple settings [Yao17].

2A Bernoulli factory is a procedure by which, given only sample access to a coin with bias p, one produces sample
access to a coin with bias exactly f(p).

3Other works are either discussed above, accept a ε-BIC mechanism [HKM11,BH11,GW18,BCWZ17,GHTZ21,
BB24], or work in a model where the distribution is precisely known [DW12,RW15].

4Bounded valuations is a necessary assumption – with only sample access to an unbounded distribution, no
guarantees are possible.

5A class of valuation functions over m items is c-Lipschitz if it every valuation v(·) can be parameterized by an
m dimensional vector x⃗ and: (a) |vx⃗(S) − vx⃗(S ∪ {i})| ≤ c for all x⃗, S, i, and (b) |vx⃗(S) − vy⃗(S)| is at most c times
the number of coordinates on which x⃗ and y⃗ differ.

6This revenue loss term matches that of prior ε-BIC-to-BIC transformations [COVZ19], and captures the natural
poly(ε) loss incurred per bidder due to starting with an ε-BIC mechanism.
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whose revenue is at most O(n
√
ε) less than the revenue ofM′. That is,

Rev(M;D) ≥ Rev(M′, D)−O(n
√
ε)

The sample complexity of this procedure is poly(m,n, 1ε ).

Like prior work on ε-BIC-to-BIC transformations for revenue, Theorem 6.1 is in fact more

general and allowsM′ to be an ε-BIC mechanism for a different distribution D′. In this case, the

additional revenue loss is bounded by the distance between D and D′ with respect to a natural

metric defined over the space of product distributions (see Section 2 for the formal definition of

this metric). For simplicity, we focus on the case in which D′ = D for now.

Theorem 6.1 resolves [GW18]’s open problem, and implies the following corollary.

Corollary (via Theorem 4 of [GW18]). For all ε, δ > 0, the sample complexity of learning, with

probability 1− δ, an exactly BIC mechanism for n bidders with independent bounded values for m

items that achieves the optimal revenue (up to an additive ε loss) is poly(m,n, 1/ε, log(1/δ)).

Remark: Computational Complexity. Like [GW18], our reduction is sample-efficient but not

computationally-efficient. The source of computational inefficiency stems from the same reason:

a ε-net for [0, 1]m still requires exp(m) points, even if those points are generated from a product

distribution. In [GW18], this shows up in the runtime of solving a linear program for the opti-

mal mechanism for an empirical distribution – although that empirical distribution is a product

distribution with a concise description, the linear program requires a variable for every element

in its support (which remains exponential). In our work, this shows up in the number of “surro-

gates” needed in order for the “replica-surrogate matching” to guarantee a nearby replica for every

possible type (see Section 3 for an overview of the replica-surrogate matching). Both barriers are

long-standing and well-established with regards to their respective techniques ( [KMS+19,CWX25]

discuss barriers to computing optimal mechanisms, and see [HKM11,DW12,DHKN17, COVZ19]

for the same barrier in replica-surrogate matchings).

1.2 Main Result 2: Meta-Framework

As an intermediate step in our analysis, we derive a meta-framework that unifies the approaches

of prior work as well as our own. More specifically, our meta-framework takes as input subroutines

(“meta-inputs”) and specifies a list of conditions for each subroutine that need to be satisfied

for the output of our meta-framework to be a revenue-preserving ε-BIC-to-BIC transformation.

In other words, our meta-framework reduces the design of such transformations to the design

of specific subroutines. The meta-framework is agnostic to assumptions about the type space

and valuations (like the independent items and Lipschitz valuations conditions in Main Result

1) and hence applies to more general mechanism design settings. Moreover, our meta-framework

retroactively highlights exactly the innovations of prior work – every black-box reduction based

on replica-surrogate matching follows our meta-framework, and so our meta-framework formally

codifies this outline. Moreover, future developments on black-box reductions in Bayesian mechanism

design can now more cleanly present their innovations, rather than additionally repeating similar

(extremely technical) arguments to build the replica-surrogate outline.

Main Result 2 (Informal, see Theorem 5.1) There exists a reduction from designing revenue-

preserving ε-BIC-to-BIC transformations to designing the following subroutines: Draw-S,Draw-R,
EstMechanism, Preprocess, Compute-α, Match, and Payment.
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1.3 Related Work

Black-box reductions in Bayesian Mechanism Design. Our work follows a long line of

black-box reductions in Bayesian Mechanism Design, starting from [HL10] [HKM11,BH11,DW12,

CIL12,RW15,DHKN17,COVZ19,GLT20]. Among these, [HKM11] introduces the replica-surrogate

matching framework employed by our work and also [DW12,RW15,DHKN17,COVZ19] – we pro-

vide further details in Section 3 on the different components provided by these works. The biggest

distinction between our work and these prior works is our focus on improved sample complexity

for restricted priors – all prior reductions make no assumptions on the prior (and therefore re-

quire sample complexity exponential in m simply to learn the distribution), whereas our work

improves efficiency throughout the entire pipeline for product distributions. [CIL12,GLT20] prove

impossibility results on black-box reductions in Bayesian Mechanism Design.

In comparison to our work, [CIL12,GLT20] focuses on queries to the mechanism whereas our

work focuses on the samples from D. Notably, [GLT20]’s exponential query lower bound also follows

from the same ε-net challenges that prevent [GW18] and our work from being computationally-

efficient. [CFPS21] study ε-BIC-to-BIC transformations that simultaneously preserve welfare ex-

actly and lose revenue parameterized by ε (and the size of each bidder’s type space) and use

machinery outside of replica-surrogate matching to do so. One key distinction between [CFPS21]

to our work and that of [DHKN17,COVZ19] is that [CFPS21] assumes complete knowledge of the

distribution and interim payments of the input mechanism, and so there is no question of sample

complexity of D nor query complexity. A second key distinction between [CFPS21] (and [HKM11,

BH11,DW12,RW15,DHKN17,COVZ19], as noted above) to our work is the size of a single bidder’s

full type-space as the relevant complexity parameter (which is exponential in m).

Sample Complexity of Bayesian Mechanism Design. Following [CR14], there is an ex-

tensive body of works considering the sample complexity of Bayesian Mechanism Design [CR14,

DHP16,RS16, BSV16, Syr17, BSV18,GHZ19,GJZ21,HHSW21, JLX23,MR16,MR16,CD17, Syr17,

TW25,GW18,BCWZ17,GHTZ21,BB24]. These works largely fall into three categories: (a) sample-

complexity of near-optimal mechanisms in single-dimensional settings [CR14,DHP16,RS16,GN17,

Syr17, GHZ19, GJZ21, HHSW21, JLX23], (b) sample-complexity of approximately-optimal mech-

anisms in multi-dimensional settings [MR16,MR16, BSV16, BSV18, Syr17, TW25], and (c) near-

optimal mechanisms in multi-dimensional settings [GW18,BCWZ17,GHTZ21,BB24]. Except for

(c), all works learn over a structured class of exactly incentive compatible mechanisms. However,

while optimal single-dimensional mechanisms are perfectly characterized by [Mye81], and simple

auctions are approximately optimal in multi-dimensional settings [CHK07,CHMS10,CMS15,HN17,

LY13,BILW20,Yao15,RW18,CDW16,CZ17,EFF+21,JL24], no structured class of auctions is known

to be near-optimal in multi-dimensional settings,7 precluding (c) from exactly incentive compatible

mechanisms via the same techniques. Through this lens, our work catches the sample complexity

of near-optimal multi-dimensional auctions up to that of (a) and (b) by providing a novel method

for exact incentive compatibility via ε-BIC-to-BIC reductions.

In a separate direction, [DRY15,AKW14,BGMM18,DZ20] study approximately optimal mech-

anisms in the data poor regime, where only very few samples are available. [FL20] study the sample

complexity of learning approximate equilibria in non-truthful auctions, such as first price auctions.

7Moreover, there are several formal barriers noting the lack of structure in optimal multi-dimensional auc-
tions [DDT14,CDP+14,CDO+15,HR15,DDT17].
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1.4 Roadmap

We state preliminaries in Section 2. Section 3 overviews replica-surrogate matching, the key tech-

nical barriers to a sample-efficient ε-BIC-to-BIC transformation, and the proof outline of our main

results. Section 4 standardizes some notation specific to replica-surrogate matching that we use

through the paper and overviews some key tools from prior work, such as entropy-regularized match-

ing and Bernoulli factories. Section 5 presents the meta-framework, including the main algorithms

for our ε-BIC-to-BIC transformation and the specifications for the meta-inputs they require. Proofs

of the incentive and revenue guarantees of the meta-framework are deferred to Section A. Section 6

presents our main polynomial sample complexity result, with implementations of meta-inputs that

achieve this result. The analysis of these meta-input implementations is deferred to Section C.

2 Preliminaries

Conventions. All logs are natural logs unless otherwise specified. We use [N ] to denote the

set {1, . . . , N} for N ∈ N. For a product distribution D = ×k∈[n]Dk, we will use D-k to denote

the product ×j∈[n]\{k}Dj . We use ∆(U) to denote the set of distributions over a set U . We will

sometimes abuse notation and use “set” to refer to a multiset. We will also abuse notation to write

the density of a continuous distribution F at point x as PrX∼F [X = x], or simply PrF [x] when the

meaning is clear from context.

Mechanism design model. We consider the following standard mechanism design model. There

is a single seller and n bidders. Each bidder k ∈ [n] has a type tk in some type space Tk. Each

bidder’s type is drawn independently from some distribution Dk supported on Tk. We let D :=

×k∈[n]Dk and T := ×k∈[n]Tk denote the overall type distribution and space over the bidders. Each

bidder has a valuation function vk : Tk ×O → [0, 1] that maps a type and an outcome, in outcome

space O, to a non-negative value, which we assume to be normalized to [0, 1].

We consider downward-closed outcome spaces where each o ∈ O can be written as a tuple

over bidders o = (o1, . . . , on), and for any o ∈ O and any k ∈ [n], the outcome (o1, . . . , ok−1,⊥
, ok+1, . . . , on) is also in O, where ⊥ denotes a “null” outcome for bidder k. That is, each bidder

can always receive nothing without impacting other bidders: for any o with ok =⊥ and any tk ∈ Tk,
vk(tk, o) = 0.

An allocation rule A : T → ∆(O) maps a type profile of bidders to a (possibly random)

outcome. A payment rule p : T → ∆(Rn) maps a type profile of bidders to a (possibly random)

vector of payments. A mechanism M is then a pair (A, p) of allocation and payment rule. Bidders

have quasi-linear utility: for outcome o and payment pk, the utility of bidder k with type tk is

uk := vk(tk, o) − pk. We will abuse notation and write vk(tk,A(t)) to mean the expected value

Eo∼A(t)[vk(tk, o)], and similarly uk(tk,M(t)) to mean the expected utility Eo,p∼(A(t),p(t))[vk(tk, o)−
pk], except where otherwise noted.

For a mechanism M = (A, p), for any bidder k, the interim value of type t1 for type t2 with

respect to bidder distribution D is given by

val(k)(t1, t2) := E
t-k∼D-k

[vk(t1,A(t2; t-k)].
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Similarly, the interim payment for a type t is given by

p(k)(t) := E
t-k∼D-k

[pk(t; t-k)]

where the expectation is also over the randomness of the payment rule p(·), and the interim utility

of type t1 for type t2 is

u(k)(t1, t2) := E
t-k∼D-k

[uk(t1,M(t2; t-k)] = val(k)(t1, t2)− p(k)(t2)

The seller’s optimization objective is the revenue obtained byM in expectation over distribu-

tion D, denoted Rev(M;D) := Et∼D[
∑

k∈[n] pk(t)], where the expectation is again also over the

randomness of p(·).8

Incentive compatibility and individual rationality. A mechanism M = (A, p) can satisfy

the following properties:

• Individually Rational (IR):M is IR if ∀k ∈ [n],∀tk ∈ Tk,

u(k)(tk, tk) ≥ 0

• Bayesian Incentive Compatible (BIC):M is BIC over a distribution D if ∀k ∈ [n], ∀ta, tb ∈ Tk,

u(k)(ta, ta) ≥ u(k)(ta, tb)

• ε-Bayesian Incentive Compatible (ε-BIC): for ε ≥ 0, M is ε-BIC over a distribution D if

∀k ∈ [n], ∀ta, tb ∈ Tk,
u(k)(ta, ta) ≥ u(k)(ta, tb)− ε

Couplings. Let µ and ν be distributions supported on spaces X and Y respectively. A coupling

γ of µ and ν is a joint distribution supported on X × Y whose marginals are µ and ν. We denote

the set of all couplings between µ and ν by Π(µ, ν). We write γ(x) to denote a random variable

distributed according to the conditional distribution of the Y -coordinate given the X-coordinate

equals x. Thus, if x ∼ µ, γ(x) ∼ ν.

Furthermore, given couplings c ∈ Π(µ, ν) and c′ ∈ Π(ν, ξ), we define their composition c′ ◦ c ∈
Π(µ, ξ) in the natural way. Formally, for any x ∈ X, the conditional distribution (c′ ◦ c)(x) is the
mixture

(c′ ◦ c)(x) := Ey∼c(x)

[
c′(y)

]
.

That is, a sample (x, z) ∼ (c′ ◦ c) is obtained by sampling x ∼ µ, then y ∼ c(x), then z ∼ c′(y).

Let d : (X × Y ) → R≥0 be a cost/distance function. For a coupling γ ∈ Π(µ, ν), we define

the distance between µ and ν with respect to γ by dγ(µ, ν) := E(x,y)∼γ [d(x, y)] . The Wasserstein

distance dW between µ and ν is defined as the smallest distance over all couplings:

dW (µ, ν) := min
γ∈Π(µ,ν)

dγ(µ, ν).

8Henceforth we will not explicitly mention when expectations are over the randomness of the payment rule as this
should be clear from context. In particular we will sometimes abuse notation to treat p as a map from T → [0, 1]n,
instead of T → ∆([0, 1]n), by taking the expectation implicitly.
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Suppose µ = ×N
i=1µi and ν = ×N

i=1νi are product distributions over product spaces X = ×N
i=1Xi

and Y = ×N
i=1Yi, with marginals (µi)i and (νi)i, respectively. Given couplings γi ∈ Π(µi, νi), their

product coupling is Γ := (×N
i=1γi) ∈ Π(µ, ν). That is, (x, y) ∼ Γ is obtained by independently

sampling (xi, yi) ∼ γi for each i and setting x := (x1, . . . , xN ) and y := (y1, . . . , yN ). We denote

the set of all product couplings by Πprod(µ, ν) := {×N
i=1γi : γi ∈ Π(µi, νi)} ⊆ Π(µ, ν). We then

define the product–restricted Wasserstein distance to be

dWprod(µ, ν) := min
Γ∈Πprod(µ,ν)

dΓ(µ, ν).

We call any minimizer Γ∗ ∈ argminΓ∈Πprod(µ,ν) dΓ(µ, ν) an optimal product coupling.

Distance between types. For each k ∈ [n], we consider a distance metric distk(·, ·) (on the type

space Tk ∪ T ′
k) defined by a maximum valuation difference: for any two types t1, t2, distk(t1, t2) =

maxo∈O |vk(t1, o)− vk(t2, o)|. We say that the types t1, t2 are d-close if distk(t1, t2) ≤ d.

Unless otherwise specified, we will always be referring to the metric distk(·, ·) when talking

about distances. In particular, (product-restricted) Wasserstein distances between distributions

supported on type spaces are assumed to be based on distk(·, ·) as the distance function.

2.1 Problem Statement

We now state precisely the ε-BIC-to-BIC transformation problem. We are given query access

to a mechanism M′ = (A′, p′). M′ achieves some expected revenue Rev(M′;D′) over a bidder

distribution D′ := ×k∈[n]D
′
k (with corresponding type space T ′ := ×k∈[n]T ′

k) to which we have

sample access. Moreover, M′ is IR and ε-BIC over D′ for some ε ≥ 0. We assume bounded

valuations, i.e. vk(·, ·) ∈ [0, 1] (without loss of generality), and we further assume that payments

p′k(·) are in [0, 1] for the input mechanismM′. We also have a target distribution D := ×k∈[n]Dk

(with corresponding type space T := ×k∈[n]Tk) to which we have sample access.

Our goal is then to design a mechanism M for D that is IR and (exactly) BIC over D, and

achieves revenue Rev(M;D) that approximates Rev(M′;D′).9 Our metric of interest in terms of

efficiency will be the sample complexity (from D and D′) required to achieve these incentive and

revenue guarantees.

We focus our main presentation producing an (Interim) Individually Rational mechanism while

assuming payments are bounded in [0, 1]. See Section ?? for a reduction to produce an ex-post IR

mechanism and to accommodate unbounded payments.

3 Technical Background, Challenges, and Overview

Here, we provide a technical overview of replica-surrogate matchings (Section 3.1), overview the

technical contributions of prior work and how they fit into our meta-framework (Section 3.2),

overview the technical barriers to improved sample complexity with product distributions (Sec-

tion 3.3), and finally overview our solution (Section 3.4).

9The specific notion of approximation will be an additive O(poly(ε) ·n) loss, plus a term dependent on the distance
between D and D′.
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3.1 Replica-Surrogate Matching: Background

Let us first recall the problem at hand: we have black-box access to a mechanism M′ and a

distribution D′, and all we know is thatM′ is ε-BIC for D′ and that we’re happy with the revenue

M′ gets on D′, Rev(M′, D′). The goal of Replica-Surrogate Matching is to somehow use the

process of drawing samples from D′ and participating inM′ as a black-box.

[HKM11] propose the following framework: rather than have real bidders directly participate

in M′, have each real bidder instead purchase a surrogate to represent them in M′. That is,

our mechanism M provides an interface to each bidder i allowing them to purchase a surrogate

si. Then, after all bidders have chosen their surrogates, M simply plugs s⃗ into M′ and selects

whatever outcome is selected byM′. This procedure needs three desiderata:

• Surrogate Stability. Ultimately, all we know about the revenue ofM′ is that we’re happy

with Rev(M′, D′). Therefore, our reduction better result in surrogates from D′ being input

toM′ – if the purchased surrogates come from some other distribution entirely, then we don’t

know anything about the ultimate revenue we get fromM′.

• Incentive Compatibility. The process by which bidders purchase surrogates must be

Bayesian Incentive Compatible.

– In particular, recall that bidders have values for outcomes, not surrogates. Therefore, the

“value” of a bidder for a surrogate is the expected value for the outcome that surrogate

receives (over the randomness inM′ and over all other bidders drawing their values from

D and purchasing their own surrogates).

– Because we already must have Surrogate Stability, this amounts to: IC(a) ensuring

Surrogate Stability, IC(b) computing the expected outcome that surrogate s achieves in

mechanismM′ assuming (a), and IC(c) designing an Incentive Compatible mechanism

to sell surrogates to bidders assuming (a) and (b).

• Small Subsidies. Keeping in mind that surrogates inM′ make payments, bidders may prefer

to skip the surrogate purchase entirely (and have this option due to Individual Rationality).

To address this, the designer may have to subsidize participation. If these subsidies are too

large, it may completely offset the revenue earned byM′.

To get intuition for each property, consider the following (flawed) mechanism: assign to each

bidder i a random surrogate from D′
i. Consider also the following payment rules:

• We could give the bidder the surrogate for free, and just give them the outcome ofM′. But,

this violates Incentive Compatibility (specifically, IC(c)) – perhaps the bidder has negative

utility for the outcome ofM′, which includes a payment.

• Alternatively, we could refund the bidder the full payment made by the surrogate, and just

assign the outcome of M′. But, this violates Small Subsidies – we’ve now subsidized the

bidders’ participation with the full revenue earned byM′.

• We could instead compute the maximum negative utility that any bidder in the support of

Di has for being represented by surrogate s, and subsidize the bidder exactly this amount.

This may be computationally expensive – it takes an expectation over a product distribution

with exponential support and must be computed exactly! If we’re off by a tiny ε, we wind up
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right back where we started with a ε-BIC mechanism. With only black-box access to M′,

it is moreover impossible to compute exactly. Moreover, even if we succeed with IC(b), this

may still violate Small Subsides.

• We could instead compute the disutility of the bidder’s reported type for being represented

by surrogate s, and subsidize the bidder exactly this amount (if positive). This again may

be computationally expensive to satisfy IC(b). Moreover, it likely violates IC(c) because the

bidder can misreport their type to get a different subsidy. And, it may still violate Small

Subsidies.

[HKM11] propose the following Replica-Surrogate Matching framework to sell surrogates.

• For each bidder i, draw a set S of surrogates.

• For each bidder i, draw simulated competition – a set R of replicas.

• Pick a truthful mechanism SurrogateMech for Bidder i to participate in against the sim-

ulated competition R, in order to purchase a surrogate.

• Design a procedure ComputeEdgeWeights to compute, for all surrogates s, the expected

outcome that surrogate s achieves in mechanismM′ assuming Surrogate Stability.

And, the following proof approach:10

• DrawSurrogates: ensure the process of drawing S such that a uniformly random element

of S is identically distributed to a draw from D′.

• DrawReplicas: ensure process of drawing the simulated competition R, then concatenating

ti at the end is permutation-invariant.

• Observe that Surrogate Stability follows by DrawSurrogates and DrawReplicas.11

• Prove that ComputeEdgeWeights is correct, and analyze its sample/computational/query

complexity.

• Prove that SurrogateMech is a truthful mechanism, assuming Surrogate Stability and that

ComputeEdgeWeights is correct, and analyze its sample/computational/query complex-

ity. This guarantees that the entire procedure is Bayesian Incentive Compatible, and together

with the previous step concludes the sample/computational/query complexity analysis.

• Prove that SurrogateMech satisfies Small Subsidies. This is the only step that addresses

the revenue loss.

10Below, we abuse notation and use the same name to refer both to the process and the fact that the process
satisfies the desired (stated) properties.

11Proof sketch: By DrawReplicas, the process of drawing R and then ti and seeing which surrogate ti selects is
identically distributed to first jointly drawing R ∪ {ti} and then afterwards picking a uniformly random type to be
the real ti. This is a uniformly-random surrogate in S. By DrawSurrogates, this is identically distributed to a
draw from D′

i.
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3.2 Replica-Surrogate Matching: Detailed Overview of Prior Work

With the replica-surrogate matching framework in mind, we can now cleanly highlight the key

innovations of prior work.

• [HKM11] first propose the framework, focused on approximately preserving welfare rather

than revenue (and where Small Subsidies therefore captures lost welfare rather than lost rev-

enue). Their implementation has DrawSurrogates and DrawReplicas simply draw sur-

rogates and replicas i.i.d. from D′ and D respectively, proposes for ComputeEdgeWeights

to estimate expectations by sampling (and accept the sampling error in Bayesian Incentive

Compatibility), and for SurrogateMech to be the VCG mechanism. After the (highly

non-trivial) work to set up the [HKM11] framework, the only non-trivial step in the proof is

Small Subsidies. Here, they use a HighCardinalityMatching argument: as long as we

can match most replicas in R to a surrogate in S “within distance ε,” then Small Subsidies

holds.12

• [DW12,RW15] extend the framework to accommodate revenue loss instead of welfare loss.

Every step is nearly-identical to [HKM11], except for: (a) a novel proof that the aforemen-

tioned HighCardinalityMatching suffices low revenue loss as well, and (b) identifying

special cases where ComputeEdgeWeights can compute expectations exactly (and there-

fore the output mechanism is exactly BIC).

• [DHKN17, COVZ19] replace VCG with an online randomized matching mechanism, and

develop novel Bernoulli factories to establish that their mechanism is exactly BIC even when

ComputeEdgeWeights only provides sample access to the surrogate’s outcome rather than

a correctly-computed expectation. They also establish that HighCardinalityMatching

suffices for Small Subsidies ( [DHKN17] for welfare, and [COVZ19] for revenue) in their novel

randomized matching mechanism.

In particular, all prior work simply has DrawSurrogates and DrawReplicas draw sur-

rogates/replicas i.i.d., and leverages the same HighCardinalityMatching argument for Small

Subsidies. Looking forwards, our meta-framework will formalize both the framework and this proof

approach, and our implementation will propose a different DrawSurrogates and DrawRepli-

cas, and also propose a novel SurrogateMech.

3.3 Key Technical Barriers

Before proposing our solution, we first discuss the obvious approaches and resulting technical bar-

riers. First, we remind the reader that there is zero tolerance for failure probability and sampling

error, and so it is crucial (for example) that Surrogate Stability holds exactly with probability one.

Second, it is helpful to recall that the issue with simply applying [COVZ19] to product distributions

is that it requires exp(m) samples from D and D′ in order to satisfy HighCardinalityMatching.

Efficient surrogate sampling for product distributions. The obvious first proposal to ex-

plore is to replace DrawSurrogates with the following efficient procedure: instead of drawing

12Proof Sketch: one matching that might get selected by VCG is a maximal matching only considering edges where
the replica and surrogate are within distance ε. This matching would preserve welfare up to an additive n · ε, and
the VCG matching selected will only get greater welfare.
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surrogates i.i.d. from D′
i, draw marginals for item j i.i.d. from D′

ij and then create S by taking

a product over all empirical marginal distributions. This indeed satisfies the necessary property:

the process of drawing S, then selecting a uniformly random element of S, is indeed identically

distributed to a draw from D′. By (now-)known concentration inequalities, poly(m, 1/ε) samples

from each marginal suffice to form an ε-net of the type space. This obvious idea works, and is part

of our eventual solution.

Efficient replica sampling for product distributions. The obvious next step is to attempt

the same adjustment for DrawReplicas to draw R. Unfortunately, this no longer works because

the joint distribution over (R, {ti}) is no longer permutation-invariant. Indeed, exactly one element

of R ∪ {ti} has marginals that were not used to form a product with all other marginals (ti), and

therefore this type (and only this type) must be ti. Backtracking through the replica-surrogate

proof outline, this means that the surrogate purchased by ti under simulated competition is not a

uniformly-random surrogate and therefore Surrogate Stability fails.

Surrogate Stability certainly almost holds with very high probability. This means that the

impact on Small Subsidies is likely negligible and not a problem. However, the impact on other

bidders’ incentives is crucial: when Bidder i violates Surrogate Stability, the estimated expected

outcome for any surrogate of Bidder j ̸= i is incorrectly computed, and therefore the mechanism is

not exactly BIC for Bidder j. Again, while the error will be very small with very high probability,

the error must be zero with probability one in order to be exactly BIC – the entire goal of this

exercise is to eliminate small ε error in the incentive compatibility.

Alternate efficient replica sampling for product distributions. An alternate simple ap-

proach might be the following: draw many samples from each marginal D′
ij and call these the

replica marginals Rij . Then, add to each Rij the value of bidder i for item j to get R′
ij . Then, form

R∪{ti} by taking all products of all marginals in R′
ij . This procedure is now permutation-invariant

(because the marginals of ti are treated exactly like the replica marginals. Therefore, Surrogate

Stability is satisfied, and we can copy/paste the HighCardinalityMatching argument from

earlier works. But, we’ve introduced a new problem: Bidder i now controls some aspects of the

simulated competition, and therefore SurrogateMech is no longer truthful!

Again, Bidder i does not control much of the simulated competition (indeed, they only control

a 1/poly(m, 1/ε)-fraction of all item-values), but again the purpose of the entire exercise is to have

zero incentive error with probability one, and so this also fails.

Despite their simplicity, the above examples capture well the conceptual challenge: (a) it is

always hard to have zero error with probability one with only sample access, and more specifically

(b) leveraging the replica-surrogate framework somehow requires replicas that are (i) completely

indistinguishable from Bidder i (for Surrogate Stability) and yet (ii) that Bidder i has no control

over whatsoever (for incentive compatibility of SurrogateMech), while (iii) leveraging the fact

that Di is a product distribution to create exp(m) replicas with poly(n,m, 1/ε) samples from Di.

3.4 Overview: Key Ideas

Finally, we overview the key aspect of our solution. As described in previous sections, we leverage

much of the existing framework (or its natural extension to product distributions):
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• We draw surrogates by first drawing poly(n,m, 1/ε) times from each marginal, and then form

S by taking all product distributions (natural extension of prior implementations).

• We leverage HighCardinalityMatching to ultimately guarantee Small Subsidies (which

requires exp(m) replicas and surrogates).

• We use the replica-surrogate matching framework and proof approach (and, formalize this as

a rigorous meta-framework).

• The missing steps are to define a new mechanism SurrogateMech, define a procedure to

draw simulated competition, and to establish incentive compatibility.

We now overview our mechanism (jointly describing the simulated competition and the mechanism

for surrogate sale):

• Draw r = poly(n,m, 1/ε) pricing-replicate-marginals from each Dij . Build the set Rp of

pricing-replicates by taking the product of all pricing-replicate marginals.

• Compute the optimal dual prices for entropy-regularized matching for the market of replicas

Rp (and surrogates drawn as described above).13

• Draw r′ = poly(n,m, 1/ε) buying-replica-marginals from each Dij . Build the set Rb of buying-

replicates by taking a product of all buying-replicate-marginals and marginals of Bidder i.

• Offer to every buying-replicate marginal (including Bidder i) the option to purchase any

distribution over surrogates at the computed dual prices.

• If no surrogate is purchased with probability more than 1 + x, where x = 1/poly(n,m, 1/ε),

set FLAGi = True.

• For each bidder i, select a random surrogate to input toM′ according to their purchased (ran-

dom) surrogate with probability 1/(1+x), and a uniformly random surrogate with probability

x/(1 + x).

• Finally, for each Bidder i, if FLAGj = True for all j ̸= i, award Bidder i the outcome won

by their (random) surrogate. If FLAGj = False for any j ̸= i, award Bidder i nothing and

charge them nothing.

Intuitively, something should seem very fishy about the plan above. For one, we just described

in Section 3.3 how letting Bidder i influence their simulated competition violates Bayesian Incentive

Compatibility, but then went right ahead and let Bidder i influence their competition anyway. For

another, we also emphasized several times that we must have zero error with probability one, and

the above FLAGis certainly constitute some kind of failure that needs to be accounted for.

Here is the key idea, though (as a proof sketch – see Section C for a rigorous proof). First,

it is indeed the case the Bidder i can influence their simulated competition, but the simulated

competition cannot impact the surrogates offered to Bidder i. Indeed, only the pricing-replicates

influence Bidder i’s surrogate menu and Bidder i has no influence over these. Moreover, while Bid-

der i’s buying-replicates have influence over FLAGi, FLAGi has no influence over whether Bidder

13We postpone a description of entropy-regularized matching until Section 4.2 as it is substantial and requires several
parameters to be set correctly. Moreover, this particular choice is not a key innovation and comes from [DHKN17,
COVZ19]. The only important aspect for this outline is that Bidder i does not influence the prices at all.
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i keeps their surrogate’s outcome. Therefore, assuming Surrogate Stability and the correctness of

ComputeEdgeWeights, the entire procedure is indeed exactly BIC. Intuitively, the key contri-

bution from separating replicas into pricing-replicas and buying-replicas is so that the ultimate

surrogate purchased by Bidder i is identically distributed to that purchased by a buying-replica

(which necessarily requires dependence on Bidder i), while maintaining that the prices are set only

by pricing-replicas (who are not influenced at all by Bidder i).

Therefore, it remains to argue for Surrogate Stability (what follows is a proof-sketch – see Sec-

tion C for a rigorous proof). It is indeed the case that FLAGi might be False, because unlikely

events happen with non-zero probability when relying on samples. And, when FLAGi is False,

we cannot argue Surrogate Stability for Bidder i, because some surrogates are overdemanded. But,

importantly, when FLAGi is False, no other bidder j gets any outcome no matter what. There-

fore, the outcome Bidder j receives from surrogate s is conditioned on no FLAGs being False for

any other bidders, and conditioned on no FLAGs being False for any other bidders, Surrogate

Stability holds for all other bidders! 14 Intuitively, the key contribution of the FLAGs is to turn

a low-probability failure into an additional revenue problem (by throwing out every other bidders’

outcome and payment) rather than an incentive problem (if instead we had let other bidders receive

outcomes with an improper Bidder i surrogate distribution).

This concludes our technical outline. Section A provides complete proofs of the meta-framework,

which essentially formalizes the above approach. Section C provides rigorous proofs of the above

proof sketch.

4 Additional Technical Preliminaries

4.1 Replica-Surrogate Matching: Notation

For bidder k ∈ [n], we refer to the replicas as a multiset Rk, with R := |Rk|, and surrogates as

a multiset Sk, with S := |Sk|. In general, the number R of replicas can be any multiple of S, in

which case κ-to-1 matchings are considered where κ := R
S ∈ N (as in [DHKN17,COVZ19] and our

algorithm). We consider the replicas to be enumerated in some fixed order Rk = (r1, . . . , rR), and

then we will often identify a replica ri with its index i ∈ [R]. Similarly, we write surrogates as

Sk = (s1, . . . , sS) and often identify a surrogate sj with its index j ∈ [S].

We will also need to consider edge weights defined with respect to particular distributions other

than D′, captured formally by the next definition.

Definition 4.1 (Edge weights ŵij with respect to mechanism M̂′ and D̂′). For a particular bidder

k, the edge weight ŵ(ta, tb) from type ta to tb, with respect to a mechanism M̂′ = (A′, p̂′) and a

distribution D̂′ := ×k′∈[n]D̂
′
k′ , is defined to be the interim utility of ta for tb under M̂′ and D̂′ with

discount factor βk:

ŵ(ta, tb) = E
t-k∼D̂′

-k

[vk(ta,A′(tb; t-k))− (1− βk)p̂
′
k(tb; t−k)],

14Note that the claim “Surrogate Stability holds conditioned on no FLAGs being False for any other bidders”
should not feel immediately obvious, but it follows by a similar coupling argument establishing that, under this
conditioning, the purchased surrogate is indeed uniformly random (see Section C for a rigorous statement and proof).
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where D̂′
-k = ×k′ ̸=kD̂

′
k′ . We will often abbreviate the edge weight ŵ(ri, sj) between a replica ri and

surrogate sj to ŵij := ŵ(ri, sj).

4.2 Entropy-Regularized Matching: Background

We turn to a technique introduced by [DHKN17,COVZ19] for executing replica-surrogate matching

in the sample access model. The issue with the base approach described in prior sections is that

the maximum-weight matching cannot actually be computed given only sample access to D′ and

query access toM′, because we cannot compute the expectations in the expression for edge weights

w(ri, sj).
15 In particular, as [COVZ19] discuss, it does not suffice to estimate the expectations in

the edge weights by sampling, as even arbitrarily small approximation error derails the delicate

argument for exact BIC.

To handle this challenge, [DHKN17] introduce an entropy regularization term to the max-

weight (many-to-one) matching. The benefit of this entropy-regularized version is that its optimal

solution, unlike the exact max-weight matching, can be sampled from given only sample access

to edge weight distributions, via a new connection to Bernoulli factories [KO94], namely, the

Fast Exponential Bernoulli Race [DHKN17]. This is the key innovation that enables [DHKN17]

and [COVZ19] to obtain black-box reduction results in the sample access model. Meanwhile, it

can be shown that using the max-weight entropy-regularized matching still permits an incentive

compatibility argument to go through.

We present the technical details of entropy-regularized matching that are relevant to our ap-

proach. The definitions in this section will all be in the context of a particular bidder k ∈ [n].

Thus we refer to replicas and surrogates here simply as R := Rk and S := Sk, respectively, and let

R := |R|, S := |S|, and κ := R
S ∈ N. We start by defining the program that encodes a max-weight,

many-to-one matching.

Definition 4.2 (Max-weight κ-to-1 matching). For replicas R, surrogates S, and edge weights

w = (wij)i,j between each replica ri ∈ R and surrogate sj ∈ S, the max-weight (integral) κ-to-1

matching is given by the following program:

max
(xij)i,j

∑
i∈[R],j∈[S]

xijwij

s.t.
∑
i

xij ≤ κ ∀j ∈ [S],∑
j

xij ≤ 1 ∀i ∈ [R],

xij ∈ {0, 1}, ∀i ∈ [R], j ∈ [S].

We will refer to this program as P(R,S, w).

We now define the entropy-regularized matching program from [DHKN17, COVZ19]. In Theo-

rem 4.3 below, we directly state the (partial) Lagrangian relaxation of the entropy-regularized

matching program where surrogate demand constraints are relaxed, as this is the form that we will

make use of. Moreover, we state a version of entropy-regularized matching that includes dummy

15Recall that there is an expectation over both t-k ∼ D′
-k and the randomness of the mechanism M′ (implicit in

our notation).
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matches as introduced in [COVZ19]: intuitively, the added yij variables capture an option to match

to a dummy version of a surrogate sj with zero edge weight (while contributing to the entropy term

and jth demand constraint).

Definition 4.3 (Entropy-regularized matching [DHKN17, COVZ19]). Consider replicas R; sur-

rogates S; edge weights w = (wij)i,j between each replica ri ∈ R and surrogate sj ∈ S; and

regularization parameter δ. For fixed dual variables α = (αj)j∈[S], the Lagrangian relaxation of the

entropy regularized matching program, denoted by P′
δ(R,S, w, α), is given by the following:

max
(xij ,yij)i,j

∑
i∈[R],j∈[S]

xij · wij − δ
∑
i,j

(xij log xij + yij log yij) +
∑
j

αj

(
κ−

∑
i

(xij + yij)

)

s.t.
∑
j

(xij + yij) = 1 ∀i ∈ [R],

xij , yij ∈ [0, 1], ∀i ∈ [R], j ∈ [S].

The optimizer of program P′
δ(R,S, w, α) is a softmax function of the following form.

Definition 4.4 (Softmax allocation). Given parameter δ, weights w = (wj)j∈[S], and dual variables

α = (αj)j∈[S] over index set [S], define the softmax allocation (x∗, y∗) = (x∗j , y
∗
j )j∈[S] by

x∗j (w,α) :=
exp(

wj−αj

δ )∑
j′∈[S] exp

(−αj′
δ

) (
1 + exp(wj′/δ)

) and y∗j (w,α) :=
exp(

−αj

δ )∑
j′∈[S] exp

(−αj′
δ

) (
1 + exp(wj′/δ)

) .
Fact 4.5. For any dual variables α = (αj)j , the optimizer (x∗ij(α), y

∗
ij(α))i,j of programP′

δ(R,S, w, α)
for edge weights w := (wij)i,j over ri ∈ R, sj ∈ S is given by x∗ij(α) := x∗j (wi, α) and y∗ij(α) :=

y∗j (wi, α) defined according to Theorem 4.4 with wi := (wij)j∈[S].

Optimal dual variables. For the optimal duals α∗ ∈ argminαP
′
δ(R,S, w, α), it holds for all

j ∈ [S] that
∑

i

(
x∗ij(α

∗) + y∗ij(α
∗)
)
= κ. This is seen as follows: since α∗ are the optimal duals,

we must have that for each j,
∑

i(x
∗
ij(α

∗) + y∗ij(α
∗)) ≤ R

S , i.e. no surrogate is overdemanded. But∑
j(x

∗
ij(α

∗) + y∗ij(α
∗)) = 1 for each i, so

∑
i(x

∗
ij(α

∗) + y∗ij(α
∗)) must be exactly R

S for all j.

In a similar vein to Theorem 4.5, we can also observe that the softmax allocation is the optimizer

of the following optimization problem specific to a particular replica ri, viewed as an abstract type

t ∈ Tk below.

Fact 4.6. Consider surrogates S, duals α, and a type t ∈ Tk with edge weights wt := (wtj)j between

t and each surrogate sj ∈ S. Then for x∗tj(α) := x∗j (wt, α) and y∗tj(α) := y∗j (wt, α) as defined in

Theorem 4.4, it holds that

(x∗tj(α), y
∗
tj(α))j ∈ arg max

(xj ,yj)j

∑
j∈[S]

xjwtj − δ
∑
j

(xj log xj + yj log yj)−
∑
j

αj · (xj + yj)

where the optimization is subject to the constraint
∑

j∈[S](xj + yj) = 1.

Notation. As in Theorem 4.5 and Theorem 4.6, for convenience we will abuse notation to write

both wij := w(ri, sj) for a (replica) type ri and wtj := w(t, sj) for a type t to denote edge weights
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depending on the situation, where the weight function w(·, ·) in question (usually the one defined

in Theorem 4.1) will be clear from context. As an extension of this notation, we will write both x∗tj
and x∗ij ; y

∗
tj and y∗ij ; and similarly for analogous terms in the future. We will always index replicas

with i and surrogates with j so that it is clear which notation is being used.

Finally, we state the Fast Exponential Bernoulli Race, the randomized algorithm introduced by

[DHKN17] that draws a sample from the softmax allocation distribution given only sample access

to the distributions whose expectations are the edge weights (wj)j . The version stated below is

from Lemma 1 in [COVZ19].

Lemma 4.7 (Fast Exponential Bernoulli Race [DHKN17,COVZ19]). For any integer N , any δ > 0,

and any (αp)p∈[N ] ∈ [0, A]N , given sample access to distributions F1, . . . ,FN with expectations

w1, . . . , wN ∈ [−1, 1], a sample from the distribution (ζp)p∈[N ] defined by

ζp =
exp((wp − αp)/δ)∑

p′∈[N ] exp((wp′ − αp′)/δ)

can be drawn with
(
4+A
δ

)4
N2 log

(
(4+A)N

δ

)
samples from (Fj)j∈[n] in expectation.

In particular, observe that taking N = 2S and considering wp = 0 for S of the N distributions

in Theorem 4.7 allows us to recover the form of softmax allocations in Theorem 4.4.

5 Meta-Framework

We now introduce ameta-framework that provides a generalized framework for black-box reductions

in Bayesian mechanism design. The goal of our meta-framework is to isolate the core structure of

replica-surrogate matching necessary for the incentive and revenue guarantees desired in ε-BIC-to-

BIC transformations,16 while abstracting out certain subroutines that can be implemented to obtain

different or improved downstream results. In particular, the meta-framework reduces the design

of ε-BIC-to-BIC transformations to the design of these specific subroutines (which we call “meta-

inputs”). Our main result of polynomial sample complexity will be proved in Section 6 through

implementations of these subroutines. We hope that future work on such transformations can

focus on designing versions of these abstract subroutines and then plug in to our meta-framework

to obtain new results, rather than repeating (sometimes onerous) arguments inherent to replica-

surrogate matching.

We describe the meta-inputs in Section 5.1 and then present the main algorithms that define the

meta-framework in Section 5.2. We formally state the requirements each meta-input must satisfy

for the meta-framework to yield a revenue-preserving ε-BIC-to-BIC transformation in Section 5.3,

with the resulting guarantee stated in Section 5.4.

5.1 Meta-Inputs

The meta-framework takes as input six abstract subroutines that capture various components

of (a generalized version of) entropy-regularized replica-surrogate matching: Draw-S, Draw-R,
Compute-α, Match, Payment, and Preprocess.

16Or other objectives than revenue, e.g. welfare, in the literature on black-box reductions in mechanism design.
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Each of these meta-inputs is defined in the context of an individual bidder k.17 We start by

giving high-level descriptions of each meta-input’s intended input/output behavior below, with

detailed requirements in Section 5.3. When we say that a meta-input takes as input D′
k or Dk, we

mean that it has sample access to that distribution. Similarly, if a procedure takes as input M′,

we mean that it has query access toM′.

Draw-S (Input: D′
k → Output: Sk): The Draw-S meta-input draws the set of surrogates Sk to

be used in replica-surrogate matching, given sample access to D′
k.

EstMechanism (Input: M′, (Sk)k)→ Output: M̂′, FlagEst): The EstMechanismmeta-input

takes as input a mechanismM′ to which it has query access and the sets of sampled surrogates and

outputs a mechanism for the uniform distribution over ×kSk. The procedure is permitted to raise

a flag FlagEst indicate a failure event where the output does not satisfy some desired property.

Draw-R (Input: Dk, tk → Output: Rk, i
∗, FlagR): The Draw-R meta-input draws the set

of replicas Rk, given both sample access to Dk and bidder k’s reported type tk. The replicas Rk

must include the bidder’s reported type tk, where the returned value i∗ indicates the index of tk in

Rk. The procedure is permitted to raise a flag, indicated by boolean FlagR, to indicate a failure

event where the replicas need not satisfy desired conditions.18

Compute-α (Input: (Sk′)k′∈[n], Dk, M′ → Output: α̂ = (α̂j)j∈[S]): The Compute-α meta-

input returns an approximately-optimal dual solution for max-weight entropy-regularized matching

between replicas Rk and surrogates Sk (Theorem 4.3). Note that the inputs to Compute-α include

the surrogates Sk but not the replicas Rk.
19

Match (Input: ri, α̂, (Sk′)k′∈[n] → Output: sj or ◦j for some j ∈ [S]): The Match meta-input

samples a surrogate match for the given replica ri: for all j ∈ [S], it returns sj ∈ Sk with probability

exactly x∗ij(α̂) or a corresponding dummy surrogate ◦j with probability y∗ij(α̂), for softmax allocation

(x∗ij(α̂), y
∗
ij(α̂))j .

Payment (Input: tk, α̂, (Sk′)k′∈[n] → Output: qk): The Payment meta-input specifies the pay-

ment rule for the surrogate selection procedure: as a function of the duals α̂, it outputs a payment

qk to charge a given type tk to be matched to a surrogate according to (x∗ij(α̂), y
∗
ij(α̂))j , such that

the desired incentive guarantees hold.

Preprocess (Input: Dk → Output: G): The Preprocess meta-input is an optional subroutine

that, given sample access to Dk, permits pre-processing Dk to compute some global state G at the

start of surrogate selection that can be used by subsequent meta-inputs. In particular, G is an

implicit input to each of the subsequent meta-inputs in surrogate selection.20

17It is assumed that the implementations of these procedures use independent randomness across the n bidders.
18Allowing and handling a failure event in Draw-R is necessary due to technical details of our implementation in

Section 6.
19In particular, Compute-α cannot take as input Rk (nor the bidder’s type tk) yet the requirements it must satisfy,

as stated in Section 5.3, depend directly on Rk. This pinpoints part of the challenge in implementing Compute-α
(and a corresponding implementation of Draw-R).

20We will need such a preprocessing function in our implementation in Section 6 for technical reasons, to estimate
an effective support of a discretized version of Dk.
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5.2 Main Algorithms

We use the meta-inputs to define our core surrogate selection procedure (the MetaRS algorithm,

Algorithm 1), and then the overall mechanismM, presented in Algorithm 2. The primary innova-

tions of these algorithms, relative to existing (entropy-regularized) replica-surrogate matching, can

be summarized as follows: (1) decoupling surrogate price-setting from bidder report; (2) randomly

dropping matches to scale down surrogate (over)demand; (3) correlated discarding of allocations

across bidders under failure events; and (4) computing with respect to empirical versions of surro-

gate distributions.

Intuition. To motivate these innovations, we first recall at a high level the implementation

changes we will make to achieve polynomial sample complexity in the independent items setting

(the focus of Section 6), which we want the meta-framework to support. In order to obtain the

exponentially-many replicas and surrogates needed for revenue-approximation guarantees, we will

sample from each of the marginals D′
kℓ of bidder k’s distribution D′

k := ×ℓ∈[m]D
′
kℓ and take the

product set over [m] as the surrogates Sk, and do the same (roughly speaking) for Dk to obtain

replicas Rk. We include the bidder’s reported type tk when taking the product, which means the

marginals of tk are part of many of the final replicas Rk. However, this approach leads to an incen-

tives problem: the bidder may now find it in her interest to misreport as a means to manipulate

the aggregate demand (via the replicas she influences) and thereby the (market-clearing) prices for

surrogates.

This challenge brings us to point (1). Concretely, what this means for entropy-regularized

matching (for each bidder k) is that we must somehow decouple determining the surrogate prices,

as characterized by dual variables α, from any quantities dependent on the bidder’s type tk. This

functionality is encoded via the Compute-α meta-input and its requirements: it must compute

(offline, unlike [DHKN17,COVZ19]) an estimate α̂ of the optimal duals for the entropy-regularized

matching between Rk and Sk—without access to Rk, so that the bidder’s report has no influence

on this process—such that, with high probability, the market for surrogates approximately clears

when replicas ri are matched according to (x∗ij(α̂), y
∗
ij(α̂)). We will see one implementation of

Compute-α that satisfies this (a priori, rather challenging) specification in Section 6, by learning

duals on a set of “training replicas.”

Still, there are two qualifiers above: the surrogate market for each bidder k clears only approxi-

mately, and only with high probability. Both of these qualifications are problematic for the standard

argument for exact BIC in replica-surrogate matching. We handle the fact that the market clears

only approximately (i.e., surrogates may be slightly over-demanded based on the returned α̂) with

point (2). Specifically, for parameter λ such that Compute-α ensures the realized demand for each

surrogate will be at most (1 + λ) times its capacity κ := R
S , we un-match replicas with probability

λ. Any unmatched replica is then matched to a dummy surrogate ◦j corresponding to a surrogate

sj that is under capacity (where ◦j contributes to j’s demand but indicates the fact that the bidder

will not actually receive an allocation in the end, which is possible since the outcome space is

downward-closed). Note that the bidder as a replica has no influence whether it will be dropped

in this process, so there are no new incentive problems.

We handle low probability failures with point (3): under a failure event for bidder k, we discard

the allocations of all other bidders. This is perhaps counterintuitive at first blush. The key insight

is that when bidder k’s surrogate market does not clear, stationarity is violated for bidder k, which

invalidates the edge weight expressions in the markets of all other bidders k′ ̸= k ∈ [n]. However,
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if we always give any other bidder k′ a null allocation ⊥ (and charge 0) under this failure event for

k, then k′ does not care that bidder k’s surrogate’s distribution looks incorrect, and importantly,

bidder k′ cannot influence when this discarding event due to k takes place. Meanwhile, there is

no need to discard bidder k’s allocation if only her market fails to clear (and doing so may in fact

create an incentive for bidder k to misreport). We will formalize this reasoning in the proof that the

resulting mechanism is BIC. In our MetaRS algorithm, the failure event for a bidder is encoded

through the boolean Flag.21

The final point (4) is required to preserve efficient sample complexity. Recall that our imple-

mentation in the independent items setting will consider an exponential number of replicas and

surrogates (despite constructing them differently). To implement Match (without knowing the

edge weights), we will need to run the Fast Exponential Bernoulli Race (FEBR) (Theorem 4.7)

for each replica, but notice that for matching even a single replica this requires poly(S) samples

from edge weight distributions, which is exponential in m. Our solution is to instead define edge

weights (Theorem 4.1) with respect to the empirical distributions (D̂′
k′)k′∈[n], defined as uniform

distributions over the realized surrogate draws Sk′ for all k′ ∈ [n], rather than (D′
k′)k′∈[n]. Station-

arity holds with respect to D̂′
k in the same way as for D′

k in prior work, and the result is that the

sampling in the FEBR now incurs no new samples from D′
k.

22

Algorithm descriptions. We formally present our surrogate selection procedure as theMetaRS

algorithm (Algorithm 1), stated in the context of an individual bidder k since it is run separately

for each bidder. The overall mechanismM, which uses MetaRS, is given in Algorithm 2.

Algorithm 1 proceeds as follows. First, note that surrogate sets (S1, . . . ,Sn) for all bidders and
the output of EstMechanism are passed as input to MetaRS, after being drawn and computed

externally in Algorithm 2. This is required for edge weights and resulting matching probabilities

for bidder k to be set with respect to the product of empirical distributions D̂′
-k := ×k′ ̸=kD̂

′
k′

over the surrogate sets. The first step of the algorithm is to run Preprocess to obtain global

state G, and create the dummy surrogates {◦j}j∈[S]. In addition to our new un-matching process,

dummy surrogates ◦j (and the corresponding allocation probabilities y∗ij) are used for the same

reason they are introduced in [COVZ19]: as an alternate zero-weight option to avoid matching

along negative-weight edges (see Section 5.3 for more discussion). We then run Compute-α to

obtain approximately optimal duals α̂, and runDraw-R to obtain the replicasRk and the auxiliary

information i∗ and FlagR. The next step is to match replicas to surrogates usingMatch, dropping

a λ fraction (in expectation) of matches by flipping a λ-coin for each replica, where λ is a parameter

of the meta-framework (Section 5.3.1). At this point we can mark whether to raise a failure event

in bidder k’s surrogate selection: if either FlagR = False, i.e. Draw-R raised a failure event,

or any surrogate is over-demanded even after the (1 − λ) down-scaling, then we raise by setting

Flag = False. We then wrap up by matching un-matched replicas to dummy surrogates ◦j whose
indices j are under-capacity, such that, if Flag = True, the final matching is a perfect κ-to-1

21Throughout the paper, our algorithms will use different types of Flag variables, each of which will be a boolean
that indicates some kind of failure event, where a False Flag denotes the failure case.

22The careful reader may wonder why we need the FEBR at all given that we now fully know the distributions D̂′
k

and hence the distribution D̂′
-k in Theorem 4.1. The answer is that we still have only query access to the mechanism

M′ = (A′, p′), and there are expectations with respect to the randomness of A′ and p′ that we cannot compute in
Theorem 4.1. As an additional benefit, while computation is not the focus of our work, using the FEBR saves us from
computation that is exponential in the number of bidders that would otherwise be required even with a fully-known
auction.
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matching from replica indices [R] to surrogate indices [S].23 The algorithm returns the surrogate

matched to the bidder replica, plus auxiliary information to be used in Algorithm 2.

Algorithm 2 is similar in structure to the overall mechanism in prior replica-surrogate matching

work, with two deviations. The first, as mentioned, is that Draw-S is run for each bidder at

this level, not in the surrogate selection procedure, such that all surrogate sets are passed as

input when invoking MetaRS for each bidder k. The second is the correlated discarding when

specifying final allocations and payments. For each bidder k, we set the final allocation to be ⊥
and total payment to be 0 under the following two events: (1) failure event for some other bidder

k′, i.e. Flag(k′) = False for any k′ ̸= k, or (2) bidder k’s match was dropped in MetaRS, i.e.

Coin(k) = 0. Otherwise, we charge payment for participating in Match using Payment, even if

the bidder was matched to a dummy surrogate by Match. Only if the bidder was matched to

a real surrogate does she receive the resulting allocation ok and additionally pay (1 − βk)p
′
k from

running M′ on the profile of surrogates over all bidders, where βk is a discount factor that is a

parameter of the meta-framework.

5.3 Meta-Input Requirements

5.3.1 Parameters.

The meta-framework requirements are stated in terms of the following set of parameters, such

that the quantitative results (in particular, the revenue approximation guarantee) of the meta-

framework will be a function of these parameters. We give a brief description of each parameter

below, and indicate in parentheses the formal context in which it is used, where Conditions refer

to the upcoming formal statements of requirements.24

• (∆
(k)
Couple)k∈[n]: Coupling term bound (Condition (B4)).

• S,R: Number of surrogates and replicas, respectively, where it is required that R is a positive

multiple of S (Condition (A), (B)).

• λ: Replica-surrogate over-demand allowance (Condition (C1), (C2)).

• δ: Regularization parameter (for program P′
δ(·, ·, ·, ·), Theorem 4.3)

• (βk)k∈[n]: Payment discount factor for rule p′ ofM′ (see Algorithm 2).

• d: Maximum valuation distance between two close types (Condition (B3)).

• qLB: Lower bound on expected payment qk for Phase 1 (Condition (E3))

• ∆Match: Expected fraction unmatched in high-cardinality matching (Condition (B3))

• ∆MWM: Expected weight difference relative to maximum-weight matching (Condition (C2)).

23In terms of demand, the dummy surrogate ◦j and real surrogate sj act as a single group, because if a bidder is
matched to ◦j in MetaRS, then the corresponding sj will be inputted on its behalf into M′ in Algorithm 2.

24As the notation suggests, the values of ∆
(k)
Couple and βk may vary over the bidders k ∈ [n], as we expect them to

depend intrinsically on each distribution Dk/D
′
k (as in our implementation). All other parameters are fixed over the

bidders.
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Algorithm 1: MetaRS for bidder k

Inputs:

1. Sample access to Dk and (query)a access to M̂′.

2. Bidder k’s reported type tk.

3. Surrogate sets (S1, . . . ,Sn).
4. Access to random Coin = Bern(1− λ) for parameter λ.

Algorithm:

0. Preprocess: obtain state G ← Preprocess(Dk) accessible in all future steps.b

1. Let S := |Sk|. Create a dummy surrogate ◦j corresponding to each sj ∈ Sk.

2. Set α̂← Compute-α((Sk′)k′∈[n], Dk,M̂′).

3. Let tk be the bidder’s type. Set replicas Rk, index i∗, FlagR ← Draw-R(Dk, tk).

4. For ri ∈ Rk (i = 1→ R, where R := |Rk|):
(a) Flip Coini := Bern(1− λ).

(b) If Coini = 1, match ri to surrogates or dummies via Match(ri, α̂, (Sk′)k′∈[n]).
(c) Else (if Coini = 0) add ri to set Dummy(Rk). // i.e. leave unmatched for now

5. Set Flag = FlagR && (∀j ∈ [S], |{ri ∈ Rk : ri matched to sj or ◦j}| ≤ R
S ).

6. For ri ∈ Dummy(Rk):

(a) Match ri to ◦j for the smallest j s.t. |{ri ∈ Rk : ri matched to sj or ◦j}| < R
S .

7. Let j∗ ∈ [S] be the surrogate index matched to ri∗ .
c

Return Flag, Coini∗ , sj∗ , α̂, and dummy = True if ri∗ matched to ◦j∗ , else False.

aWhat kind of access one has to M̂′ depends on the output of EstMechanism.
bIn particular, G is an implicit parameter for any meta-input called in MetaRS.
cThat is, j∗ is such that ri∗ is either matched to sj∗ or to ◦j∗ .

• ∆D-S, δD-S, εD-S: Empirical distribution closeness parameters: revenue loss ∆D-S, incentive

loss εD-S, failure probability δD-S (Condition (A1))

• δDemand: Failure probability for replica-surrogate equal-demand (Condition (C1)).

• δD-R: Failure probability for Draw-R (Condition (B1)).

5.3.2 Requirements

We specify in Conditions (A) through (E) below the requirements that must be satisfied for the

mechanismM defined by Algorithm 2 to be BIC and IR and achieve revenue over D approximating

that of M′ over D′. The requirements are stated with respect to each individual bidder k ∈ [n],

except where otherwise specified. We first explain some of the less transparent requirements.
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Algorithm 2: Full mechanismM over n bidders

Inputs:

1. Sample access to D′ = ×kD
′
k and D = ×kDk.

2. Reported type tk of bidder k, for each k ∈ [m].

3. Query access to input mechanismM′ = (A′, p′).

Algorithm:

Phase 1:

1. For each bidder k ∈ [n], let Sk ← Draw-S(D′
k).

2. Let M̂′ = (Â′, p̂′),FlagEst ← EstMechanism(M′,S1, . . . ,Sn).

3. If FlagEst = False, thenM allocates and charges nothing.

4. Otherwise, for each bidder k, run MetaRS with M̂′, (S1, . . . ,Sn), and the rest of the required

inputs. Let Coin(k), Flag(k), s(k), α̂(k), dummy(k) denote the output for k. Go to Phase 2.

Phase 2:

5. Run M̂′ on s = (s(1), . . . , s(n)). Let o = (o1, . . . , om) and (p̂′1, . . . , p̂
′
m) denote the resulting

outcome and payments, randomly drawn from A′(s) and p̂′(s).

6. For each bidder k:

• If Coin(k) = 0 or ∃k′ ̸= k s.t. Flag(k′) = False, bidder k gets ⊥, pays 0 overall.

• Else: charge bidder k a payment qk with Payment(tk, α̂
(k), (Sk′)k′∈[n]) for Phase 1.

Then, if dummy(k) = False (i.e. bidder k was matched to real surrogate s(k)), she gets
ok and pays (1− βk) · p̂′k for Phase 2. Else, she gets ⊥ and pays 0 for Phase 2.

Draw-S. Because edge weights ŵij are computed with respect to empirical distributions (D̂′
k′)k′∈[n],

our revenue-approximation analysis will relate Rev(M;D) to the revenue and incentive loss ofM′

over D̂′, instead of over D′. The Draw-S requirement (A1) ensures that surrogates are drawn in

such a way that the these terms over D̂′ are not far from their counterparts over D′, so that our

final bounds are expressed based on Rev(M′;D′) and ε (recall thatM′ is ε-BIC over D′).

EstMechanism. The purpose of EstMechanism is to allow for additional flexibility in obtain-

ing Condition (A1) if needed. In particular, it is not important that it is M′ that is run on D̂′:

any mechanism with comparable incentive guarantees and revenue on D̂′ asM′ on D′ suffices for

Condition (A1). Later, we demonstrate how the additional flexibility allows us to obtain stronger

guarantees on the output of our framework under weaker assumptions. We suspect that the addi-

tional flexibility will be helpful for future work.

Draw-R. Conditions (B2) through (B4) are all conditioned on FlagR = True, capturing the

fact that Draw-R is allowed to fail with small probability. The replica indistinguishability re-

quirement (B2) is needed to prove BIC/IR via the principle of deferred decisions. In prior work,

this requirement is trivially satisfied, as the bidder’s type and the rest of the replicas are all i.i.d
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draws from Dk; in our implementation, the proof is slightly more nuanced. The high-cardinality

matching (B3) and coupling distance (B4) requirements will both be used in the proof of revenue

approximation similarly to prior work [COVZ19]. It is in the coupling bound ∆
(k)
Couple that revenue

loss due to the distance between D′
k and Dk will appear.

Compute-α. The approximate equal demand requirement (C1) states that the returned duals

α̂ must be such that, with high probability, the surrogate market approximately clears. The

approximate max-weight requirement (C2) is needed in the proof of revenue approximation similarly

to prior work [COVZ19], as part of comparing the matching outputted by MetaRS to the high-

cardinality matching guaranteed by (B3).

Payment. An important property of the softmax allocation for a type t implied by Theorem 4.6 is

that there exists a payment rule that incentivizes truthful reports to this allocation mechanism (see

e.g. Theorem 4.3, Lemma 5.7 in [DHKN17]).25 Condition (E1) states quantitatively the condition

for Payment to be such a payment rule for surrogate selection.

Another challenge in the payment rule is achieving the IR property (Condition (E2)) even when

edge weights may be negative, as in our setting. As [COVZ19] discuss, a “rebate” in the payment

is required to preserve IR to offset the negative utility from these edges, but too large of a rebate

can drive revenue down. [COVZ19] introduce dummy surrogates {◦j}j and corresponding alloca-

tion variables (y∗tj(α̂))j for exactly this purpose: to avoid matching along negative edges too often,

and thereby ensure that the rebate required is not too large. Condition (E3) encodes the resulting

guarantee that the expected payment should not be too small.26

A. Draw-S(D′
k)→ Output: Sk

EstMechanism(M′,S1, . . . ,Sn)→ Output: M̂′ = (Â′, p̂′),FlagEst

Sk is a multiset {s1, . . . , sS} of size S with each sj ∈ T ′
k such that the following holds. Let

D̂′
k′ denote the uniform distribution over Sk′ for each bidder k′ ∈ [n] and D̂′ := ×k′∈[n]D̂

′
k′ . If

FlagEst = True, then M̂′ is a mechanism defined on the support of D̂′.

(A1) Empirical approximation. With probability at least 1 − δD-S over the randomness of

Draw-S and EstMechanism, the following events hold simultaneously: FlagEst = True,

Rev(M̂′, D̂′) ≥ Rev(M′;D′)−∆D-S, and M̂′ is (ε+ εD-S)-BIC and (ε+ εD-S)-IR over D̂′.

B. Draw-R(Dk, tk) → Output: Rk, i
∗,FlagR

Below, let σ denote the random process that consists of Preprocess(Dk); sampling tk ∼ Dk; and

Draw-R(Dk, tk). The outputs Rk, i
∗,FlagR satisfy the following conditions. Rk is a multiset

{r1, . . . , rR} of size R with each ri ∈ Tk, where R = κ · S for some κ ∈ N; i∗ is an index in [R];

and FlagR is a Boolean, such that:

(B1) First, tk = ri∗ . Second, Prσ[FlagR = False] ≤ δD-R.

25In particular, the softmax allocation rule is maximal-in-range [DHKN17,COVZ19].
26To satisfy all of these conditions simultaneously, we expect that most Payment implementations (like our own

in Section 6) will use the procedure from [DHKN17,COVZ19] based on implicit payments [AT01,BKS18].
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Moreover, for any output G of Preprocess, there exists a distribution Fk,G supported on Tk and

a coupling ck,G between Fk,G and D′
k
27 such that:

(B2) Replica indistinguishability. For any replica ri ∈ Rk, conditioned on FlagR = True

and a particular G, the distribution of ri is Fk,G :

∀x, Pr
σ
[ri = x | G,FlagR = True] = Pr

X∼Fk,G
[X = x].

Further, conditioned on FlagR = True, the bidder replica ri∗ is distributed identically to

a uniformly random replica:

∀x, Pr
σ
[ri∗ = x | FlagR = True] = Pr

σ,X∼Unif(Rk)
[X = x | FlagR = True]

(B3) High-cardinality matching. Consider fixed Sk,G,Rk with FlagR = True, and a fixed

realization of replica couples ck,G(Rk) := (ck,G(r1), . . . , ck,G(rR)). Among the κ-to-1 match-

ings between Rk and Sk that match some ri to some sj only if ck,G(ri) and sj are d-close,

let M denote the matching of maximum cardinality. Then the expected cardinality |M | of
M satisfies

E[|M | | FlagR = True] ≥ R · (1−∆Match),

where the expectation is over the randomness of Draw-S; σ; and the realization of the

couples ck,G(Rk), conditioned on FlagR = True.

(B4) Coupling distance. The expected distance between replicasRk and their couples ck,G(Rk)

satisfies the following, where the expectation is over σ and the realization of ck,G(Rk),

conditioned on FlagR = True:

E

 ∑
ri∈Rk

distk(ri, ck,G(ri)) | FlagR = True

 ≤ R ·∆(k)
Couple.

For the following requirements, edge weights ŵ are defined according to Theorem 4.1 with respect

to the distribution D̂′ as defined in the Draw-S requirement. S and R are as defined in the

Draw-S and Draw-R requirements respectively.

C. Compute-α
(
(Sk′)k′∈[n], Dk,M̂′

)
→ Output: α̂

Let σ be the random process that consists of Preprocess(Dk), Compute-α((S ′k)k′ , Dk,M̂′),

sampling tk ∼ Dk, and Draw-R(Dk, tk). Then α̂ satisfies the following, where (x∗ij(α̂), y
∗
ij(α̂))i,j

denotes the softmax allocation that optimizes P′
δ(Rk,Sk, ŵ, α̂) for replicas Rk, surrogates Sk,

edge weights ŵ = (ŵij)i,j and duals α̂ (Theorem 4.5):

(C1) Approximate equal demand: With probability at least 1− δDemand over σ, it holds for

27That is, ck,G is a joint distribution on supp(Fk,G)× supp(D′
k) with marginals Fk,G and D′

k. As before, we write
ck,G(x) to mean a random variable distributed according to the conditional distribution over supp(D′

k) when the
supp(Fk,G) component is x.
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some 0 ≤ λ ≤ 1
4 that

∀j ∈ [S],
∑

ri∈Rk

[
x∗ij(α̂) + y∗ij(α̂)

]
∈ (1± λ) · R

S

(C2) Approximate max-weight: LetOpt denote the optimum value of the programP(Rk,Sk, ŵ).
Then, for the same λ as in (C1),

E
σ

Opt−
∑

i∈[R],j∈[S]

(1− λ) · x∗ij(α̂) · ŵij

 ≤ R ·∆MWM.

D. Match(ri, α̂, (Sk′)k′∈[n]) → Output: some sj or ◦j
Let (x∗ij(α̂), y

∗
ij(α̂))j be the softmax allocation for surrogates Sk, duals α̂, and replica ri with

edge weights (ŵij)j as in Theorem 4.6. Then the output of Match satisfies the following:

(D1) The output is equal to sj ∈ Sk with probability exactly x∗ij(α̂) and to ◦j with probability

exactly y∗ij(α̂), for all j ∈ [S] (over the internal randomness of Match).28

E. Payment(tk, α̂
(k), (Sk′)k′∈[n])→ Output: qk

Let (x∗j (α̂), y
∗
j (α̂))j be the softmax allocation for surrogates Sk, duals α̂, and type tk with edge

weights (ŵtkj)j = (ŵ(tk, sj))j as in Theorem 4.6. Then qk satisfies the following, where all

expectations are over the internal randomness of Payment:

(E1) Incentive Compatibility: There exists a constant C that does not depend on the report

tk such that

E[qk] = C + δ
∑
j∈[S]

(x∗j (α̂) log x
∗
j (α̂) + y∗j (α̂) log y

∗
j (α̂)) +

∑
j

αj(x
∗
j (α̂) + y∗j (α̂)).

(E2) Individual Rationality: It holds that E[qk] ≤
∑

j∈[S] x
∗
j (α̂) · ŵtkj .

(E3) Lower-Bounded Payments: It holds that E[qk] ≥ qLB.

5.4 Meta-Result

The main result implied by the meta-framework (a “meta-result”) is stated in Theorem 5.1. Any

use of the meta-framework must supply implementations of each meta-input and specify parameter

values such that the requirements are satisfied; then, the parameter values determine the revenue

approximation loss and sample complexity of the resulting ε-BIC-to-BIC transformation as given

by Theorem 5.1. We define the following notation for brevity in expressing the bounds.

• N(D′) is the number of samples from D′ used by Draw-S, and N(D) is the total number

of samples from D used by Preprocess, Draw-R, and Compute-α.29 Note that, by

construction of allowed inputs, no other meta-input algorithms can incur samples from D/D′.

28Moreover, the randomness of Match must be independent over all replicas ri ∈ Rk when called iteratively in
MetaRS Step 4, and independent of all other meta-inputs.

29N(D′) is equivalently the maximum number of samples from D′
k, over any k, needed by Draw-S for bidder

k, since one sample from D′ = ×k∈[n]D
′
k yields a sample from each D′

k. The analogous is true for N(D) and
D = ×k∈[n]Dk. In our implementation, the number of samples from each D′

k and Dk will be fixed across k ∈ [n].
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• Revenue loss is given by ∆Rev := ∆D-S +
∑

k∈[n]∆
(k)
Rev, where ∆

(k)
Rev is defined as follows:

∆
(k)
Rev := βk + (n+ 1)δFlag + δD-S +∆Match −min(qLB, 0)

+
1

βk
· (∆MWM + ε+ εD-S + δD-S + 3d+ 2∆

(k)
Couple + 3δFlag)

for δFlag := δDemand + δD-R + S · exp
(
−λ4

6 ·
R
S

)
We write out all of the components of the per-bidder revenue loss term ∆

(k)
Rev explicitly to enable

easy substitution in future work. However, we expect that most applications (including the deriva-

tion of our polynomial sample complexity result) will simply end up bounding these components

roughly like the following: ∆MWM, εD-S, δD-S, d,∆Match = O(ε); qLB = −O(ε); δFlag = O
(
ε
n

)
;

∆D-S = O(nε); and βk =
√
ε. These bounds yield a final revenue loss of ∆Rev = O(n

√
ε), which

matches that of the main ε-BIC-to-BIC reduction in [COVZ19].30

Theorem 5.1 (Meta-Framework: Main Result). Suppose we are given sample access to distribu-

tions D′ = ×k∈[n]D
′
k and D = ×k∈[n]Dk of bidder types, and query access to a mechanismM′ that

is IR and ε-BIC over D′. Given implementations of the meta-inputs Draw-S, EstMechanism,

Preprocess, Draw-R, Compute-α, Match, and Payment, together with a choice of param-

eter values (Section 5.3.1), that satisfy the meta-framework requirements (Section 5.3), Algo-

rithm 2 defines an IR and (exactly) BIC mechanism M over n bidders that achieves revenue

Rev(M;D) ≥ Rev(M′;D′)−∆Rev using N(D) samples from D and N(D′) samples from D′.

The proof of Theorem 5.1 is deferred to Section A, where we separately prove the BIC and IR

claim (Section A.1) and the revenue approximation claim (Section A.2).

5.5 Meta-Result: Interim IR to Ex-Post IR Reduction

In this section, we demonstrate how to guarantee that the outputM = (A, p) of the meta-framework

is ex-post IR when we have access to the interim allocations and payments of the mechanism M̂′

output by EstMechanism on the empirical surrogate distribution D̂′. A mechanismM is ex-post

IR if for all bidders k and type profiles t = (t1, . . . , tn) ∈ supp(D),

vk(tk,M(t))− p(t) ≥ 0

We could have access to the interim form for various reasons. For example, if querying M′ on a

type profile returns an explicit description of the distribution over allocations and payments (rather

than a random outcome), then we could simply compute the interim payments since we have direct

access to the empirical surrogate distribution (and since we are not concerned with computational

efficiency). Alternatively, if queryingM′ only returns a random outcome, then we could repeatedly

queryM′ to form an empirical distribution over outcomes for each type profile and attempt to use

the mechanism that allocates and charges payments according to these empirical distributions as

the output of EstMechanism. In any case, how we have access to the interim form of M̂′ on D̂′

30The careful reader will notice that we have not specified ∆
(k)
Couple here: in general, when Dk ̸= D′

k, this term will
depend on some notion of distance between Dk and D′

k that becomes part of the revenue loss (and the value of βk

will be modified accordingly), as in our main result (Theorem 6.1) and prior work [COVZ19].
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is not the concern of this section. Here, we assume access to interim form and demonstrate how to

obtain an ex-post mechanism as a consequence of our meta-framework.

To do so, we apply a standard reduction for turning an interim IR mechanism into an ex-post

IR mechanism with no incentive or revenue loss. Note that access to the interim allocations and

payments of M̂′ on D̂′ means that we know the edge weights ω̂ exactly. As a result, we not only

know the utility that each bidder has for each surrogate (i.e., the edge weight), but we also know

the distribution according to which she matches with her surrogate, e.g., (x∗kj(α̂
(k)), y∗kj(α̂

(k)))j∈Sk
,

and the expectation of the Phase 1 payment she must make in order to receive her surrogate’s

outcome, e.g., E[qk].

Algorithm 3: Interim IR to ex-post IR reduction

Inputs:

1. Reported type tk of each bidder k.

2. Interim access to M̂′ = (Â′, p̂′).

3. Edge weights/interim utilities ω̂kj = ω̂k(tk, sj) with respect to M̂′ and D̂′ (Theorem 4.1) for
each bidder k and surrogate sj ∈ Sk.

4. Surrogate allocations (x∗k, y
∗
k) = (x∗j (ω̂kj , α̂

(k)), y∗j (ω̂kj , α̂
(k)))sj∈Sk

(Theorem 4.4) for each bid-
der k.

5. Expected Phase 1 payment E[qk] for each bidder k.

6. Coin(k), Flag(k), s(k), α̂(k), dummy(k) denote the output for each bidder k

Algorithm:

1. Run M̂′ on s = (s(1), . . . , s(n)). Let o = (o1, . . . , on) denote the resulting outcome, randomly

drawn from Â′(s).

2. For each bidder k:

• If Coin(k) = 0 or ∃k′ ̸= k s.t. Flag(k′) = False, bidder k gets ⊥, pays 0 overall.

• Otherwise, if dummy(k) = False (i.e. bidder k was matched to real surrogate s(k)), then
she gets ok and pays

vk(tk, ok) ·
E[qk] + (1− βk) ·

∑
sj∈Sk

x∗kj · Es−k∼D̂′
−k
[p̂′k(sj , s−k)]∑

sj∈Sk
x∗kj · Es−k∼D̂′

−k
[vk(tk, Â′(sj , s−k)]

Theorem 5.2. Suppose we are given sample access to distributions D′ = ×k∈[n]D
′
k and D =

×k∈[n]Dk of bidder types, and query access to a mechanism M′ that is IR and ε-BIC over D′.

Suppose we have implementations of the meta-inputs Draw-S, EstMechanism, Preprocess,

Draw-R, Compute-α, Match, and Payment, together with a choice of parameter values (Sec-

tion 5.3.1), that satisfy the meta-framework requirements (Section 5.3). If we have interim ac-

cess to the output of EstMechanism, then replacing Phase 2 in Algorithm 2 with Algorithm 3

defines an ex-post IR and (exactly) BIC mechanism M over n bidders that achieves revenue

Rev(M;D) ≥ Rev(M′;D′)−∆Rev using N(D) samples from D and N(D′) samples from D′.

We defer the proof to Section B. The high level idea, however, is simple: in general, ifM = (A, p)
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is an interim IR mechanism for D, then charging

vk(tk,A(tk, t−k)) ·
Et−k∼D−k

[pk(tk, t−k)]

Et−k∼D−k
[vk(tk,A(tk, t−k))]

ex-post means that the interim payment will exactly be Et−k∼D−k
[pk(tk, t−k)], so the reduction

preserves the incentives and revenue ofM exactly. It is not hard to see the new ex-post payments

yield an ex-post IR mechanism since interim IR implies that the interim price over the interim

value is at most 1, so the ex-post payment never exceeds the ex-post value.

6 Independent Items: Polynomial Sample Complexity

We are now ready to apply the meta-framework to prove our main result (Theorem 6.1): a sample-

efficient and revenue-preserving ε-BIC-to-BIC transformation in the independent items setting.

6.1 Model and Notation

The model in this setting is defined by the following two assumptions on types and valuations. This

is the same model as in the prior work of [GW18].

1. Independent items: Each bidder’s distribution is itself a product distribution over m items.

That is, for all k ∈ [n], Dk = ×ℓ∈[m]Dkℓ and D′
k = ×ℓ∈[m]D

′
kℓ. We also assume that each

item-marginal Dkℓ and D′
kℓ is supported on [0,H]. In particular, we can decompose the type

tk ∼ Dk of bidder k as (tk,1, . . . , tk,m) where the tk,ℓ’s are independent random variables in

[0, H] drawn from Dkℓ (and analogously for D′
k).

2. Lipschitz valuations: Each bidder k’s valuation function is Lipschitz in the following sense:

there is some absolute constant L such that for any k ∈ [n] and any types t = (t1, . . . , tm), t′ =

(t′1, . . . , t
′
m) such that t′ matches t except for a change of δ on a single coordinate ℓ ∈ [m],

then for any o ∈ O, |vk(t, o)− vk(t
′, o)| ≤ L · δ.

For ease of exposition and cleanliness of proofs, we will assume henceforth that H = 1 and

L = 1, and we continue to assume vk(·, ·) ∈ [0, 1]. Extending to the case of arbitrary L and H is

simply a matter of updating parameter values to be in terms of these constants. We also define the

following notation for convenience, as in [GW18]:

• For any x ∈ [0, 1], ⌊x⌋η denotes the value of x rounded down to the nearest multiple of η.

• The unit interval discretized to multiples of η is denoted by Iη := {⌊x⌋η : x ∈ [0, 1]}.

• For any distribution F supported on [0, 1], ⌊F ⌋η denotes the distribution of ⌊x⌋η for x ∼ F .

6.2 Meta-Input Implementations: Bounded Ex-Post Payments

We begin by instantiating the meta-framework under the assumption that the ex-post payments of

the mechanismM′ for the surrogate distribution are bounded in [0, 1]. In this case, EstMechanism

need not do anything fancy and can simply return the blackbox mechanism M′: concentration

results will imply thatM′ achieves good incentive and revenue guarantees on the empirical surrogate

distribution D̂′ with high probability. We opt for this presentation for a few reasons. The first
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is that it is conceptually cleaner, and much of the technical difficulty and innovation is already

present. The second is that it demonstrates how more advanced techniques such as Bernoulli

factories and implicit payments, which play crucial roles in computationally “efficient”31 ε-BIC-

to-BIC reductions [DHKN17,COVZ19], fit into our meta-framework. The third reason is that our

approach when ex-post payments are bounded truly treatsM′ as a blackbox: to get the ultimate

allocation and payments for the bidders, we simply query M′ on their surrogates. Later, we will

discuss how to remove the bounded payments assumption at the expense of treating M′ as a

blackbox in this sense: while we will get the ultimate allocation by querying M′, we will have to

toss out the payment rule of M′ and compute our own payments from scratch. The additional

flexibility in Condition (A1) offered by EstMechanism allows us to use the resulting mechanism

in place ofM′.

To instantiate the meta-framework in this model, we give implementations of the Draw-S,
Preprocess, Draw-R, Compute-α, Match, and Payment meta-inputs, all in the context of a

particular bidder k, and specify the parameter values for which these implementations satisfy the

meta-framework requirements.

Our implementations can be summarized as follows. Roughly speaking, both Draw-S and

Draw-R are implemented by setting Sk and Rk to be a product set of i.i.d samples (including

the bidder’s type for Draw-R) from the item-marginals (D′
kℓ)ℓ∈[m] and (Dkℓ)ℓ∈[m], respectively.

Compute-α computes approximate duals α̂ for (Rk,Sk) by drawing a set of “training replicas”

RTr
k and estimating the optimal duals for (RTr

k ,Sk). Preprocess is used to estimate an effective

support of a discretized version of each Dkℓ that is used by both Draw-R and Compute-α,

to restrict draws from Dkℓ to only this effective support, which is needed for market-clearing

guarantees to generalize from RTr
k to Rk in the analysis. Finally, Match is implemented via the

Fast Exponential Bernoulli Race, and Payment is implemented via an implicit payments procedure

like in prior work [DHKN17,COVZ19].

Formal algorithm descriptions and more detailed explanations are given below. We first in-

troduce the following variables as notation, whose meaning will be clarified when we present the

meta-input algorithms in which they are used.

• η: Discretization parameter, used to discretize the support of distributions.

• NP , NS , NR: Number of draws per item-marginal in Preprocess, Draw-S, and Draw-R,
respectively.

• NEdge: Number of samples used to estimate edge weights as part of Compute-α.

• A: Threshold value for final duals α̂ in Compute-α.

We will set the values of these variables, and the values of all parameters of the meta-framework

(Section 5.3.1), in the proof of Theorem 6.1. We defer proofs that these algorithms satisfy meta-

framework requirements, which comprise the vast majority of the proof of Theorem 6.1, to Sec-

tion C.

Draw-S and EstMechanism implementations. The Draw-S algorithm is simple: it draws

NS i.i.d samples from each item-marginal D′
kℓ and returns the product set of these draws. Formally,

31Recall that these reductions run in time polynomial in the size of the type space, which can be exponential in
the number of items.
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for any sets X1, . . . , Xm, the product set X = ×ℓ∈[m]Xℓ is defined as X := {(x1, . . . , xm) : xℓ ∈
Xℓ, ∀ℓ ∈ [m]}. EstMechanism is even simpler: it will simply return the blackbox mechanismM′.

Algorithm 4: Draw-S
Inputs: Sample access to D′

k = ×ℓ∈[m]D
′
kℓ. Parameter: NS .

Algorithm:

1. For each ℓ ∈ [m], sample NS draws i.i.d from D′
kℓ to form multiset Skℓ.

2. Return Sk := ×ℓ∈[m]Skℓ.

Algorithm 5: EstMechanism

Inputs: Query access toM′ = (A′, p′).

Algorithm:

1. ReturnM′.

We prove in Section C.1 that the empirical approximation requirement (Condition (A1)) is satisfied

when ex-post payments lie in [0, 1] for the desired revenue and incentive errors ∆D-S, εD-S and desired

failure probability δD-S, by taking NS to be appropriately poly
(
n,m, 1ε

)
. The proof follows from a

concentration inequality for product distributions [BBP17,DHP16] stated in Theorem C.8.

Preprocess implementation. The purpose of our Preprocess algorithm is to learn which

“buckets” of each item-marginalDkℓ that have probability mass lower bounded by some appropriate

poly
(
ε, 1

n ,
1
m

)
, for use in Draw-R and Compute-α. To implement this, Preprocess draws NP

i.i.d samples from each ⌊Dkℓ⌋η,32 and marks any point in Iη that was sampled at least some

threshold τ number of times, where Iη is the additive η-discretization of each item-marginal’s

support.

We will choose η such that any two types in the same η-bucket on each marginal are sufficiently

close in valuation distance distk(·, ·) (by Lipschitz valuations) for guarantees in Compute-α to go

through. We choose τ :=
(
nm
ε

)2
and set NP to be sufficiently large poly

(
n,m, 1ε

)
to (a) obtain

the appropriate probability mass lower bound on identified buckets (points in G = (Gkℓ)ℓ∈[m]),

while (b) ensuring that the total probability mass outside of each Gkℓ is upper bounded by another

appropriate poly
(
ε, 1

n ,
1
m

)
. While Preprocess itself has no meta-framework requirements, our

analysis in Section C.2 will formalize points (a) and (b), using straightforward Chernoff bounds,

for use in later analysis.

32Note that we can always sample from ⌊Dkℓ⌋η by sampling from Dkℓ and then rounding down to the nearest
integer multiple of η.
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Algorithm 6: Preprocess

Inputs: Sample access to Dk = ×ℓ∈[m]Dkℓ. Parameters: NP , η.

Algorithm:

1. For each ℓ ∈ [m], draw NP i.i.d samples from ⌊Dkℓ⌋η to form multiset P .

2. For each ℓ ∈ [m], let Gk,ℓ = {y ∈ Iη :
(∑

y′∈P 1{y′ = y}
)
≥ (nmε )2}.

3. Return G ← (Gk,ℓ)ℓ∈[m].

The global state G = (Gkℓ)ℓ∈[m] is used in Draw-R and Compute-α to restrict replica item-

marginal draws from each Dkℓ to only these buckets. The inverse-polynomial mass lower bound

of each bucket will enable a straightforward proof that a polynomial number of samples from each

item-marginal suffices for functions over the training replicasRTr
k vs. the real replicasRk to be close

multiplicative approximations. We define a helper subroutine Draw as a rejection sampling-style

procedure to draw a given number N of samples from Dkℓ conditioned on Gkℓ, with its own flag

FlagDraw to denote a failure condition if N from Gkℓ are not obtained after a bounded number of

draws (specifically, 2N). Draw will be used in both Draw-R and Compute-α.

Subroutine: Draw(F,N,G)

Inputs: Distribution F with supp(F ) ⊆ [0, 1]; set G ⊆ Iη; number of samples N . Parameter: η.

1. Draw 2N i.i.d from distribution F . Let X denote the multiset of samples.

2. Define multiset Xη = {x ∈ X : ⌊x⌋η ∈ G}.

3. If |Xη| ≥ N , return the first N draws in Xη and FlagDraw ← True.

4. Else return the first N draws in X and FlagDraw ← False.

Draw-R implementation. Similarly toDraw-S, theDraw-R algorithm setsRk to the product

×ℓ∈[m]Rkℓ of draws Rkℓ from each marginal Dkℓ. However, rather than drawing i.i.d samples

from Dkℓ, each Rkℓ is obtained by drawing NR − 1 samples via Draw, using the state G from

Preprocess, and then concatenating the item-marginal tk,ℓ of the bidder’s type. Draw-R raises

a failure event FlagR = False if any Draw raises FlagDraw = False, or if any tk,ℓ does not lie

in a bucket covered by Gkℓ.
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Algorithm 7: Draw-R
Inputs: Sample access to Dk; bidder type tk. Global state G = (Gkℓ)ℓ∈[m]. Parameters: NR, η.

Algorithm:

1. For each ℓ ∈ [m], run Draw(Dkℓ, NR − 1, Gkℓ) and let R−
kℓ,Flag

(ℓ)
Draw denote the output.

2. If ∃ℓ s.t. Flag
(ℓ)
Draw = False or ⌊tk,ℓ⌋η /∈ Gkℓ, set FlagR ← False, else FlagR ← True.

3. Let Rkℓ be the concatenation of R−
kℓ and tk,ℓ.

4. Return Rk := ×ℓ∈[m]Rkℓ, FlagR, and the appropriate index i∗ of tk = (tk,1, . . . , tk,m) in Rk.

The result of this more complicated marginal drawing procedure, as we will see in the analysis

(Section C.3), is that conditioned on FlagR = True and a particular G, the replica item-marginals

in Rkℓ will be i.i.d according to the distribution FG,ℓ defined by (x ∼ Dkℓ | ⌊x⌋η ∈ Gkℓ). Thus,

replica indistinguishability (Condition (B2)) will remain true, albeit according to a distribution

other thanDkℓ like in basic replica-surrogate matching. The argument for high-cardinality matching

(Condition (B3)) is conceptually similar to that in prior work [HKM11,RW15,COVZ19], but must

now be tailored to handle product-based replicas that are not i.i.d samples themselves. The analysis

will moreover show that the coupling bound ∆
(k)
Couple in Condition (B4) depends on the natural

notion of product-restricted Wasserstein distance dWprod (Dk, D
′
k) between Dk and D′

k.

Compute-α implementation. The Compute-α algorithm learns duals α̂ for the matching on

(Rk,Sk)—without access to Rk—by instead considering the matching on (RTr
k ,Sk), where RTr

k is

a set of “training replicas” drawn independently of Rk. In particular, the algorithm first draws a

set of NR samples from each Dkℓ via Draw and sets RTr
k to be the product set of these draws,

like in Draw-R except now excluding the bidder’s type. We would now like to solve for the

optimal duals argminαP
′
δ(RTr

k ,Sk, ŵ, α) on (RTr
k ,Sk); however, we cannot compute the exact edge

weights ŵ given only query access toM′. To handle this, we instead use estimates w̃ of ŵ computed

straightforwardly via the EstEdges subroutine. As a final step, we shift and threshold the optimal

duals α̃ := argminαP
′
δ(RTr

k ,Sk, w̃, α) for technical reasons in the analysis.

Our analysis of Compute-α in Section C.4 will show the returned α̂ are indeed approximately

optimal for (Rk,Sk) (quantified in Condition (C1)). We do this by proving that the softmax allo-

cation demand for each surrogate with duals α̂ on (Rk,Sk) is close to the demand with the optimal

duals α̃ on (RTr
k ,Sk), where the latter term is exactly κ = R

S . This argument proceeds in a sequence

of steps. We show that Rk and RTr
k (with values rounded to η-multiples) are close as empirical

distributions, and so sums over Rk and RTr
k (specifically, the aggregate demand

∑
i∈[R] x

∗
ij + y∗ij)

are close. We then show that these sums do not deviate significantly due to the discretization

of replica item-marginals to η-multiples; the estimation of edge weights; and the thresholding of

the α’s. We highlight that the softmax allocation’s smoothness appears as a crucial property of

entropy-regularized matching (relative to max-weight matching) for this argument, ensuring that

discretizations incur minimal error. Meanwhile, the approximate max-weight requirement (Condi-

tion (C2)) is fairly straightforward, after observing that the entropy-regularization term and the

Lagrangian term for demand constraints do not alter the optimal value of the entropy-regularized

matching objective too much relative to the exact max-weight matching.
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Algorithm 8: Compute-α

Inputs: Sample access to Dk. Query access to M̂′. (Sk′)k′∈[n]. Global state G = (Gkℓ)ℓ∈[m].
Parameters: NR, NEdge, η, βk, A, δ.

Algorithm:

1. For each ℓ ∈ [m], run Draw(Dkℓ, NR, Gkℓ) and let R′
kℓ,Flag

(ℓ)′

Draw denote the output.

2. Set training replicas RTr
k := ×ℓ∈[m]R′

kℓ.

3. Compute estimated edge weights w̃ = (w̃ij)i,j ← EstEdges(RTr
k , (Sk′)k′∈[n]).

4. Solve for the optimal duals α̃ = (α̃j)j∈[S] := argminαP
′
δ(RTr

k ,Sk, w̃, α).

5. Let α̃0 := minj′ α̃j′ . Define α̂j := min{α̃j − α̃0, A} for each j.

6. Return α̂ = (α̂j)j∈[S].

Subroutine: EstEdges

Notation: For each k′, let D̂′
k′ denote the uniform distribution over Sk′ .

1. For p = 1→ NEdge:

• Draw t-k ∼ D̂′
-k. Then, for each ri ∈ RTr

k , sj ∈ Sk, query M̂′ = (A′, p̂′) to set

w
(p)
ij := vk(ri,A′(sj ; t-k))− (1− βk)p̂

′
k(sj ; t-k).

a

2. For each ri ∈ RTr
k , sj ∈ Sk, return w̃ij :=

1
NEdge

∑NEdge
p=1 w

(p)
ij .

aWhen we write vk(ri,A′(sj ; t-k)) here, we now mean sampling an outcome o ∼ A′(sj ; t-k), not taking an expec-
tation over this randomness like we usually mean.

Match implementation. The Match algorithm is straightforward via the Fast Exponential

Bernoulli Race (Theorem 4.7). Note below that for each sj ∈ Sk, we can sample from the distri-

bution with mean ŵij = Et-k∼D̂′
-k
[vk(ri,A′(sj ; t-k))− (1− βk)p̂

′
k(sj ; t-k)] by sampling t-k ∼ D̂′

-k and

o ∼ A′(sj ; t-k) and returning vk(ri, o)− (1− βk)p̂
′
k(sj ; t-k).

Payment implementation. For Payment, we would like to simply charge type tk

δ
∑
j

(x∗tkj(α̂) log x
∗
tkj

(α̂) + y∗tkj(α̂) log y
∗
tkj

(α̂)) +
∑
j

α̂j(x
∗
tkj

(α̂) + ytkj(α̂))

to satisfy incentive compatibility (Condition (E1), based on Fact 4.6). However, recall that the

terms (x∗tkj(α̂), y
∗
tkj

(α̂))j depend on the edge weights (ŵtkj)j , which we cannot compute given query

access to A′. To resolve this issue, we use implicit payment computation [AT01,BKS18] to imple-

ment the payment rule as in [DHKN17,COVZ19], using the Fast Exponential Bernoulli Race to

sample from the required softmax allocations in the algorithm below. We will show in Section C.6

that the resulting randomized output qk satisfies meta-framework requirements.
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Algorithm 9: Match

Inputs: Replica ri, duals α̂, surrogate sets (Sk′)k′∈[n]. Parameters: βk, δ.

For all k′ ∈ [n], let D̂′
k′ denote the uniform distribution over Sk′ . Let D̂′ := ×k′D̂

′
k′ . Let (ŵij)j be

as defined in Theorem 4.1 with respect to D̂′. Let S := |Sk|.
Algorithm:

1. Let N := 2S. For each j ∈ {S + 1, . . . N} (the dummy surrogates), note that ŵij = 0.

2. For each j ∈ [N ]: if j ≤ S, set αj = α̂j ; else αj = α̂j−S .

3. Run the Fast Exponential Bernoulli Race (Theorem 4.7) with δ, (αj)j∈[N ], and distributions
with expectations (ŵij)j∈[N ].

a This samples some I ∈ [N ].

4. Return sj if I = j ∈ [S], else return ◦j if I = S + j.

aThe distribution for a real surrogate sj for j ∈ [S] is given by sampling s−k ∼ D̂′
−k and querying M̂′ on the

surrogate profile (sj , s−k). Note that we have sample access to these distributions since we have query access to M̂′,
and sampling from D̂′

−k requires no additional samples from D′
−k. The distribution for a dummy surrogate ◦j for

j ∈ {S + 1, . . . , N} is simply the degenerate distribution that is 0 with probability 1 (and hence, mean ŵij = 0).

Algorithm 10: Payment

Inputs: Type tk, duals α̂, surrogate sets (Sk′)k′∈[n]. Parameters: βk, δ.

Algorithm: (Implicit payments, [AT01,BKS18])

1. Sample λ ∼ U [0, 1] and t−k ∼ D̂′
−k.

2. Sample s′ ∼ (x∗tk(α̂), y
∗
tk
(α̂)) and s′′ ∼ (xλtk(α̂), y

λ
tk
(α̂)) where

xλtkj(α̂) :=
exp(

λŵtkj−α̂j

δ )∑
j′ exp

(−α̂j′
δ

) (
1 + exp(λŵtkj′/δ)

)
yλtkj(α̂) :=

exp(
−α̂j

δ )∑
j′ exp

(−α̂j′
δ

) (
1 + exp(λŵtkj′/δ)

)
via Fast Exponential Bernoulli Races (Theorem 4.7).

3. Charge qk := W (tk, s
′)−W (tk, s

′′)− δ log 2, where

W (ta, tb) := vk(ta,A′(tb; t−k))− (1− βk) · p̂′k(tb; t−k).
a

aLike in EstEdges, here we mean sampling an outcome o ∼ A′(sj ; t−k)), not taking an expectation over these
processes.

6.3 Main Result

Using the above meta-input implementations, we can invoke Theorem 5.1 of the meta-framework

to prove the main result of this paper, stated formally in Theorem 6.1.
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Theorem 6.1 (Main Result: Polynomial Sample Complexity). Suppose we are given sample access

to distributions D′ = ×k∈[n]D
′
k and D = ×k∈[n]Dk of bidder types, with n bidders and m items, and

query access to a mechanismM′ that is IR and ε-BIC over D′ and has ex-post payments bounded in

[0, 1]. Then, under the independent items and Lipschitz valuations assumptions, we can construct

a mechanismM that is IR and (exactly) BIC over D and achieves expected revenue

Rev(M;D) ≥ Rev(M′;D′)−O(n
√
ε)−

∑
k∈[n]

√
dWprod

(
Dk, D

′
k

)
using only poly

(
n,m, 1ε

)
samples from D and D′. Moreover, ifM assigns an allocation and Phase

2 payment to a bidder, then they are the allocation and payment that M′ assigns to the bidder’s

surrogate.

Theorem 6.2 below states the revenue loss guaranteed by Theorem 6.1 in the case whereD = D′.

Note that this is the same revenue loss as in the analogous Corollary 1 in [COVZ19] (the differ-

ence being that it is now achieved using only poly
(
n,m, 1ε

)
samples). In particular, Theorem 6.2

affirmatively resolves Open Problem 1 in [GW18].

Corollary 6.2. When D = D′, the mechanismM guaranteed by Theorem 6.1 achieves revenue

Rev(M;D) ≥ Rev(M′;D′)−O(n
√
ε).

Proof of Theorem 6.1. We prove the theorem via Theorem 5.1. We first set the values of variables

introduced for algorithm descriptions: η = ε3

m3n
; NP = 2

η ·
(
nm
ε

)4
= 2·m7n5

ε7
; NS = m3n

ε3
; NR = m15n9

ε15
;

A = 2ε + 4 = O(1); and NEdge = m6n3

ε9
.33 We then choose the values of all parameters from the

meta-framework (see Section 5.3.1) as follows. The number of surrogates and replicas are set

to S = NS
m =

(
m3n
ε3

)m
, and R = NR

m =
(
m15n9

ε15

)m
, such that S divides R. The remaining

parameters are chosen as follows: δ = ε
m logNS

; βk = O
(√

ε+ dWprod
(
Dk, D

′
k

))
; qLB = −O(δ);

d, λ,∆MWM,∆Match, εD-S, δD-S = O(ε); ∆D-S = O(nε); δD-R, δDemand = O
(
ε
n

)
; and ∆

(k)
Couple =

O
(
ε
n

)
+dWprod (Dk, D

′
k). Plugging these parameter values into the expression for ∆Rev (Theorem 5.1)

gives the claimed revenue loss.

The sample complexity now follows by inspection of the meta-input implementations. Draw-S
requires NS samples from D′. For D, NP samples are required by Preprocess, 2(NR−1) samples

are required by Draw-R, and 2NR samples are required by Compute-α. Thus a total of N(D′) =

NS = poly
(
n,m, 1ε

)
samples are required from D′ and N(D) = NP + 4NR − 2 = poly

(
n,m, 1ε

)
samples are required from D.

It remains to show that the meta-framework requirements laid out in Section 5.3 are satisfied

by the meta-input implementations specified in Algorithms 6 through 10. The proofs of these

requirements are technical and deferred to Section C.

6.4 Meta-Input Implementations: Unbounded Ex-Post Payments

In this section, we present a way to remove the assumption that the ex-post payments of the

surrogate mechanismM′ are bounded. The implementations of Draw-S, Preprocess, Draw-R,
33The specific polynomial dependences on n,m, 1

ε
of our variables/parameters are not optimized, as our goal is

primarily to demonstrate that some polynomial sample complexity is feasible.

35



Compute-α, Match, and Payment remain exactly the same as when ex-post payments were

bounded. However, instead of simply returning M′ as a blackbox, EstMechanism will estimate

the interim allocation rule ofM′ and use these estimates to compute a new payment rule p̂′ such

that the new mechanism M̂′ = (A′, p̂′) achieves comparable incentive guarantees and revenue as

M′. Given a profile of (surrogate) types t, the mechanism M̂′ queries and allocates according to

A′(t) (the allocation ofM′), but instead of charging payments according to p′(t) (the payment of

M′), M̂′ charges payments according to p̂′(t). The rest of the ε-BIC-to-BIC reduction then uses

the new mechanism M̂′ instead ofM′. That is, when the ex-post payments ofM′ are unbounded,

the output of our reduction matches each bidder to a surrogate and then queries M̂′ (instead of

M′ as in the bounded ex-post payments case) to determine the ultimate outcome. Essentially, we

toss out the payment rule of the surrogate mechanismM′ in favor of computing our own payment

rule for A′ from scratch.

More specifically, EstMechanism estimates the expected value of each surrogate in Sk for the

allocation A′ (when the surrogate distribution of the other bidders is D̂′
−k) by repeatedly sampling

t−k ∼ D̂′
−k and querying A′. Note that D̂′

−k is the empirical surrogate distribution associated with

the other bidders (formed by our surrogate samples), so sampling from it does not require any

additional samples from D′. Querying A′ also does not require additional samples. To compute

p̂′, EstMechanism simply writes a linear program using the estimated expected values. See

Algorithm 11 for the formal implementation of this sub-routine.
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Algorithm 11: EstMechanism

Inputs: Query access toM′ = (A′, p′). (Sk)k∈[n]. Parameter: NS .

For all k ∈ [n], let D̂′
k denote the uniform distribution over Sk. Let D̂′ := ×kD̂

′
k.

Algorithm:

1. Compute estimated values (v̂k(tk, t
′
k))k,tk,t′k ← EstValues((Sk)k)

max
p̂′

Et∼D̂′ [
∑

k p̂
′
k(tk)]

s.t. v̂k(tk, tk)− p̂′k(tk) ≥ v̂k(tk, t
′
k)− p̂′k(t

′
k)− (ε+ εD-S) ∀ k ∈ [n], tk, t

′
k ∈ Sk

v̂k(tk, tk)− p̂′k(tk) ≥ −εD-S ∀ k ∈ [n], tk ∈ Sk
2. If the above linear programa is infeasible, then return FlagEst = False.

3. Otherwise, let p̂′ denote the optimal solution, and return M̂′ = (A′, p̂′) and FlagEst = True.

Subroutine: EstValues

1. For ℓ = 1→ NS :

• Draw t-k ∼ D̂′
-k. For each tk, t

′
k ∈ Sk, query A′ to set

v̂
(ℓ)
k (tk, t

′
k) := vk(tk,A′(t′k; t-k)).

b

2. For each tk, t
′
k ∈ Sk, return v̂k(tk, t

′
k) :=

1
NS

∑NS
p=1 v̂

(ℓ)
k (tk, t

′
k).

aThe linear program has n · NS variables and n · NS
2m constraints but does not require any additional samples

from D′ to write.
bWhen we write vk(tk,A′(t′k; t-k)) here, we now mean sampling an outcome o ∼ A′(t′k; t-k), not taking an expecta-

tion over this randomness like we usually mean. Again, note that repeatedly querying A′ does not require additional
samples from D′.

We prove in Section D that the empirical approximation requirement (Condition (A1)) is satisfied

by M̂′ for the desired revenue and incentive errors ∆D-S, εD-S and desired failure probability δD-S,

by taking NS to be appropriately poly
(
n,m, 1ε

)
. At a high level, a concentration inequality for

product distributions [BBP17,DHP16] stated in Theorem C.8 implies that the expected value that

each surrogate in Sk has for the allocation output by A′ when the surrogate distribution of the other

bidders is D̂′
−k and when it is D′ is close. Hoeffding then implies that our estimates of the former

expected values are close to the actual expected values. Then, since M′ is ε-BIC, the interim

payment rule34 of M′ constitutes a feasible solution to the linear program in EstMechanism

with high probability. Meanwhile, sinceM′ is IR, its interim payments are bounded, so applying

Theorem C.8 to the interim payments (not the possibly unbounded ex-post payments) implies that

the interim payment rule preserves revenue when the distribution is D̂′ instead of D′. Since p̂′ is

an optimal solution to the linear program, it must obtain at least as much revenue.

Note that the exact specification of the surrogate mechanism plays no role in demonstrating

that the remaining implementations satisfy the required conditions of the meta-framework, so we

obtain the following extension of Theorem 6.1.

34That is, the payment rule that charges Et−k∼D′
−k

[p′(tk, t−k)] when bidder k reports tk.
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Theorem 6.3. Suppose we are given sample access to distributions D′ = ×k∈[n]D
′
k and D =

×k∈[n]Dk of bidder types, with n bidders and m items, and query access to a mechanismM′ that is

IR and ε-BIC over D′. Then, under the independent items and Lipschitz valuations assumptions,

we can construct a mechanism M that is IR and (exactly) BIC over D and achieves expected

revenue

Rev(M;D) ≥ Rev(M′;D′)−O(n
√
ε)−

∑
k∈[n]

√
dWprod

(
Dk, D

′
k

)
using only poly

(
n,m, 1ε

)
samples from D and D′. Moreover, ifM assigns an allocation to a bidder,

then it is the allocation thatM′ assigns to the bidder’s surrogate.

6.5 Meta-Input Implementations: An Ex-Post IR Output

In this section, we demonstrate how to guarantee that the outputM = (A, p) of our ε-BIC-to-BIC
transformation is ex-post IR. That is, for all bidders k and type profiles t = (t1, . . . , tn) ∈ supp(D),

vk(tk,M(t))− p(t) ≥ 0.

Recall that Theorem 5.2 states that it suffices to implement EstMechanism in a way that allows

us to compute the interim allocations and payments of the mechanism it outputs, so we modify

EstMechanism as follows. We compute a new allocation rule Â′ by repeatedly querying the

allocation rule A′ of the surrogate mechanismM′ on each type profile from the empirical surrogate

distribution. This process yields a multi-set of allocations for each type profile from this distribution.

Then, given type profile, Â′ outputs a uniformly random allocation from the multi-set corresponding

to the type profile. That is, Â′ is an “empirical” allocation rule. To compute a payment rule p̂′

such that the mechanism M̂′ = (Â′, p̂′) is near-BIC for D̂′ and obtains comparable revenue toM′

on D′, we again write a revenue maximization linear program but with the interim allocation rule

fixed to be the one given by Â′.35 See Algorithm 12 for the formal implementation of this sub-

routine. Note that because we have explicit descriptions of M̂′ and D̂′, we can compute the interim

allocations and payments and apply the interim IR to ex-post IR reduction given in Section 5.5. The

implementations of Draw-S, Preprocess, Draw-R, Compute-α, Match, and Payment can

remain exactly the same as when ex-post payments were bounded.36 We remark that in exchange

for an ex-post IR output, the allocation and payment received by a bidder in M may no longer

correspond to the allocation and payment of her surrogate in M′ (although it will coincide with

35If the ex-post payments of M′ are bounded in [0, 1], then one can simply use the empirical payment rule formed
by repeatedly querying A′ on each surrogate profile instead of re-computing an entirely new payment rule from
scratch.

36Because we have interim access to the output M̂′ of EstMechanism, we know the edge weights exactly and can
simplify the implementations of Match and Payment. Rather than using Bernoulli factories and implicit payments,
Match can simply just sample from the softmax allocation (x∗, y∗) exactly, and Payment can simply just charge
the expectation E[qk] directly.
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the allocation and payment of her surrogate in M̂′).37

Algorithm 12: EstMechanism

Inputs: Query access toM′ = (A′, p′). (Sk)k∈[n]. Parameter: NQuery.

For all k ∈ [n], let D̂′
k denote the uniform distribution over Sk. Let D̂′ := ×kD̂

′
k.

Algorithm:

1. Compute the empirical allocation rule Â′ ← EstAllocation(M′, (Sk)k)

max
p̂′

Et∼D̂′ [
∑

k p̂
′
k(tk)]

s.t. Et−k∼D̂′
−k
[v̂k(tk, Â′(tk, t−k))]− p̂′k(tk) ≥ Et−k∼D̂′

−k
[v̂k(tk, Â′(t′k, t−k))]− p̂′k(t

′
k)

− (ε+ εD-S) ∀ k ∈ [n], tk, t
′
k ∈ Sk

Et−k∼D̂′
−k
[v̂k(tk, Â′(tk, t−k))]− p̂′k(tk) ≥ −εD-S ∀ k ∈ [n], tk ∈ Sk

2. If the above linear programa is infeasible, then return FlagEst = False.

3. Otherwise, let p̂′ denote the optimal solution, and return M̂′ = (Â′, p̂′) and FlagEst = True.

Subroutine: EstAllocation

1. For each t ∈ supp(D̂′),

• QueryA′(t)NQuery times, and let Â′(t) denote the uniform distribution over the sampled
allocations (oℓ)ℓ∈[NQuery].

2. Return Â′.

aThe linear program has n · NS variables and n · NS
2m constraints but does not require any additional samples

from D′ to write.

We prove in Section E that the empirical approximation requirement (Condition (A1)) is satisfied

by M̂′ for the desired revenue and incentive errors ∆D-S, εD-S and desired failure probability δD-S,

by taking NS and NQuery to be appropriately poly
(
n,m, 1ε

)
. The proof is highly reminiscent of

the proof that Algorithm 11 satisfies Condition (A1), the main difference being that the former

applies Hoeffding to each type profile (that is, we need a bidder’s value to concentrate for each type

profile), while the latter only applies Hoeffding to each type (we only need a bidder’s interim value

to concentrate for each type).

Theorem 6.4. Suppose we are given sample access to distributions D′ = ×k∈[n]D
′
k and D =

×k∈[n]Dk of bidder types, with n bidders and m items, and query access to a mechanismM′ that is

37Given that we are no longer querying M′ to determine each bidder’s ultimate allocation and payment in M, a
natural question is whether we even need query access to M′ in the first place. On one hand, if all we care about
is revenue and sample complexity (and not computational complexity), then we could simply forget entirely about
M′ and instead compute the revenue-optimal mechanism for the empirical surrogate distribution D̂′ by solving the
revenue maximization linear program and take this mechanism as M̂′. Note that this approach is similar to [GW18].
On the other hand, there might other desirable properties of M′ that could be preserved by sticking as close to its
allocation and payment rule as possible. For this reason, we present different implementations of EstMechanism,
each resulting in an output mechanism that is further and further from simply querying M′ once the replica-surrogate
matching is made.
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IR and ε-BIC over D′. Then, under the independent items and Lipschitz valuations assumptions,

we can construct a mechanismM that is ex-post IR and (exactly) BIC over D and achieves expected

revenue

Rev(M;D) ≥ Rev(M′;D′)−O(n
√
ε)−

∑
k∈[n]

√
dWprod

(
Dk, D

′
k

)
using only poly

(
n,m, 1ε

)
samples from D and D′.
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A Analysis: Meta-Framework

For the proofs below, whenever we condition on our surrogate samples (Sk)k, we also condition on

the event that FlagEst = True. Recall the notation κ := R
S and that for a given bidder k and

multiset of surrogates Sk, the distribution D̂′
k is defined as the uniform distribution over Sk.

A.1 Proof of BIC and IR

In this section we will prove our desired incentive guarantees, stated in Theorem A.1.

Lemma A.1 (BIC and IR). The mechanismM defined by Algorithm 2 is BIC and IR over the

distribution D.

We start by proving the following claim, which captures the stationarity property of replica-

surrogate matching [RW15,DHKN17].

Lemma A.2 (Stationarity). If bidder k reports her type truthfully, then MetaRS (Algorithm 1)

outputs Flag = True for k except with probability at most δFlag, and conditioned on Flag = True,

the distribution of the surrogate inputted for bidder k into M̂′ in Algorithm 2 is precisely D̂′
k.

38

Proof of Theorem A.2. We prove the claim in two steps: we first bound the probability of Flag =

True and then reason about the distribution of the inputted surrogate conditioned on Flag = True.

Step 1: Bounding Flag probability. Consider the MetaRS algorithm for bidder k. By

Condition (C1), with probability at least 1− δDemand, it holds that

∀j ∈ [S],
∑

ri∈Rk

[
x∗ij(α̂) + y∗ij(α̂)

]
∈ (1± λ) · κ

where (x∗ij(α̂), y
∗
ij(α̂)) is the optimizer of P′

δ(Rk,Sk, ŵ, α̂). Here the probability is over the random-

ness of Preprocess, Draw-R, Compute-α, and drawing tk ∼ Dk.

Fix Rk, Sk, α̂ such the above condition (call it ΦDemand) holds, and consider the matching

process in Step 4 of MetaRS.For any sj ∈ Sk, let Z
(j)
i be the indicator random variable that

is 1 iff replica ri is matched to either surrogate sj or dummy ◦j by the end of Step 4, where the

randomness is over only the flip of Coini and the realization ofMatch (if Coini = 1). Observe that

the random variables {Z(j)
i }i∈[R] are all independent. Moreover, E[Z(j)

i ] = (1− λ)[x∗ij(α̂) + y∗ij(α̂)].

Letting Z(j) :=
∑

i∈[R] Z
(j)
i , the expectation µ := E[Z(j)] satisfies

µ =
∑

ri∈Rk

E[Z(j)
i ] = (1− λ)

 ∑
ri∈Rk

[x∗ij(α̂) + y∗ij(α̂)]

 ∈ (1− λ) · (1± λ) · κ

by condition ΦDemand. We can then apply the Chernoff bound to conclude that

Pr
[
Z(j) > κ

]
≤ Pr

[
Z(j) > (1− λ4) · κ

]
≤ Pr

[
Z(j) > (1 + λ2) · µ

]
38The claims are over the randomness in the draw of bidder k’s type from Dk, and the internal randomness of

MetaRS and its meta-inputs—in particular, not over the randomness of Draw-S.
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≤ exp

(
−λ4

2 + λ2
· µ
)

≤ exp

(
−λ4

6
· κ
)

where the last line follows since µ ≥ (1− 2λ) · κ and 1−2λ
2+λ2 ≫ 1

6 since λ ≤ 1
4 .

Finally, note that Flag = False exactly when either FlagR = False or there exists j such

that Z(j) > κ. Thus we conclude that, over all randomness of MetaRS,

Pr [Flag = False] ≤ Pr [FlagR = False]+Pr
[
∃ j such that Z(j) > κ | ΦDemand

]
+Pr [¬ΦDemand] .

By Condition (B1), Pr [FlagR = False] ≤ δD-R. It follows by a union bound over j that

Pr [Flag = False] ≤ δD-R + δDemand + S · exp
(
−λ4

6 · κ
)
=: δFlag.

Step 2: Distribution of bidder k’s surrogate. It remains to show that conditioned on Flag =

True, the distribution of the surrogate inputted on behalf of bidder k into M̂′ (in Algorithm 2) is

precisely D̂′
k. When Flag = True, observe that the final matching obtained by the end of MetaRS

is a perfect κ-to-1 matching, when viewed as a matching from the replica index set [R] to the

surrogate index set [S], such that i is matched to j if ri is matched to sj or ◦j . Let ri∗ be the replica

equal to the bidder’s report. Recall from Condition (B2) that, over the randomness of Preprocess,

tk ∼ Dk, and Draw-R, Pr[ri∗ = x | FlagR = True] = Pr[Unif(Rk) = x | FlagR = True]. It

is not hard to see by inspection of MetaRS that this remains true over the full randomness of

MetaRS and conditioned on Flag = True.

In particular, this means that the distribution of the surrogate index j ∈ [S] matched to the

bidder’s replica is identical to the distribution of the surrogate index matched to a uniformly

random replica. Since the matching is perfect, this distribution is the uniform distribution over

the surrogate indices. It follows by inspection of Algorithm 2 that the distribution of the surrogate

inputted into M̂′ for bidder k is given by the uniform distribution over Sk, i.e. D̂′
k.

We now prove Theorem A.1 using Theorem A.2.

Proof of Theorem A.1. Consider bidder k with true type tk ∈ Tk and consider the mechanism M
defined by Algorithm 2. We must show that

E
t-k∼D-k

M

[uk(tk,M(tk; t-k))] ≥ 0 (IR)

and that for any t′k ∈ Tk,

E
t-k∼D-k

M

[uk(tk,M(tk; t-k))] ≥ E
t-k∼D-k

M

[uk(tk,M(t′k; t-k))]. (BIC)

For any type t′k ∈ Tk, let ΦKeep(t
′
k) denote the event, over the randomness of t-k ∼ D-k and

internal randomness of M, that Coin(k) = True and Flag(k′) = True for all k′ ̸= k ∈ [n] in

Algorithm 2, when bidder k reports t′k. Since bidder k’s utility is 0 under ¬ΦKeep(t
′
k) by Algorithm 2

(Step 5), we can write

E[uk(tk,M(t′k; t-k))] = Pr
[
ΦKeep(t

′
k)
]
· E[uk(tk,M(t′k; t-k)) | ΦKeep(t

′
k)] + Pr

[
¬ΦKeep(t

′
k)
]
· 0
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= Pr
[
ΦKeep(t

′
k)
]
· E[uk(tk,M(t′k; t-k)) | ΦKeep(t

′
k)]

It is straightforward to see, by construction of MetaRS, that event ΦKeep(t
′
k) in fact does not

depend on the reported bidder type, i.e. Pr [ΦKeep(t
′
k)] = Pr [ΦKeep(t

′′
k)] for all t

′
k, t

′′
k. Thus it suffices

to show that (a) E[uk(tk,M(tk; t-k)) | ΦKeep] ≥ 0 for IR, and (b) tk ∈ argmaxt′k∈Tk E[uk(tk,M(t′k; t-k)) |
ΦKeep] for BIC. We will show stronger statements by conditioning on the particular outputs

(Sk′)k′∈[n] of Draw-S in Step 1 of Algorithm 2:

E[uk(tk,M(tk; t-k)) | ΦKeep, (Sk′)k′∈[n]] ≥ 0 (IR)

tk ∈ arg max
t′k∈Tk

E[uk(tk,M(t′k; t-k)) | ΦKeep, (Sk′)k′∈[n]]. (BIC)

For each k′ ̸= k ∈ [n], consider the random variable s(k
′) denoting the surrogate inputted into

M̂′ for bidder k′ (Algorithm 2, Step 4). Observe that s(k
′) is independent of the event Φ′

Keep, where

Φ′
Keep is defined as the event that Coin(k) = True and Flag(k′′) = True for all k′′ /∈ {k, k′}, such

that ΦKeep = Φ′
Keep ∩ (Flag(k′) = True). It now follows by stationarity (Theorem A.2) that the

distribution of each s(k
′), over the randomness of other bidders truthfully reporting t-k ∼ D-k and

M, conditioned on ΦKeep and the particular surrogate sets (S1, . . . ,Sn), is precisely D̂′
k′ .

In particular, this means that bidder k’s value for being matched to a real surrogate sj ∈ Sk
(conditioned on the aforementioned events) is exactly given by the edge weight

ŵtk,j = E
t-k∼D̂′

-k

[vk(tk, Â′(sj ; t−k))− (1− βk) · p̂′(sj ; t−k)],

recalling the procedure for assigning allocation and Phase 2 payment in Algorithm 2 (Step 5). That

is, the expectation Et-k∼D̂′
-k
[·] correctly captures the fact that the surrogate participating on bidder

k′ is distributed according to D̂′
k′ , for all k

′ ̸= k ∈ [n]. Additionally, note that bidder k’s value for

being matched to a dummy surrogate ◦j is clearly 0 (Step 5).

Finally, observe that conditioned on ΦKeep and sets (Sk′)k′∈[n], if bidder k reports some type

t′k, then she is matched to real surrogate sj with probability x∗t′kj
(α̂) and to dummy surrogate ◦j

with probability y∗t′kj
(α̂) by Condition (D1), where x∗t′kj

(α̂) and y∗t′kj
(α̂) are defined as in Theo-

rem 4.6 for surrogates (Sk′)k′∈[n], duals α̂, and type t′k. Thus bidder k’s utility E[uk(tk,M(t′k; t-k)) |
ΦKeep, (Sk′)k′∈[n]] for reporting type t′k is given by

∑
j x

∗
t′kj

(α̂)·ŵtkj−E[qk]39, where qk is the Phase 1

payment under ΦKeep. First, Condition (E2) guarantees that this expression is non-negative when

t′k = tk, which proves the IR claim. Next, Condition (E1) guarantees that∑
j

x∗t′kj
(α̂) · ŵtkj − E[qk]

=
∑
j

x∗t′kj
(α̂) · ŵtkj − δ

∑
j

(x∗t′kj
(α̂) log x∗t′kj

(α̂) + y∗t′kj
(α̂) log y∗t′kj

(α̂))−
∑
j

αj(x
∗
t′kj

(α̂) + y∗t′kj
(α̂))− C.

Since C is a constant that does not depend on the report t′k, it now follows from Theorem 4.6

that tk ∈ argmaxt′k∈Tk E[uk(tk,M(t′k; t-k)) | ΦKeep, (Sk′)k′∈[n]], which proves the BIC claim.

39Importantly, while the x∗ and y∗ are defined in terms of edge weights based on the reported type t′k, bidder k’s
actual values for surrogates are always given by the edge weights ŵtkj based on her true type tk.
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A.2 Proof of Revenue Approximation

We now prove the revenue approximation claim in Theorem 5.1, restated separately below. The

revenue loss term ∆Rev is given by ∆D-S +
∑n

k=1∆
(k)
Rev, where ∆

(k)
Rev depends on the variety of

parameters involved in the meta-framework:

∆
(k)
Rev := βk + (n+ 1)δFlag + δD-S +∆Match −min(qLB, 0)

+
1

βk
· (∆MWM + 2ε+ 2εD-S + 2δD-S + 3d+ 2∆

(k)
Couple + 3δFlag)

Lemma A.3 (Meta-Framework: Revenue Approximation). The mechanism M = (A, p) defined

by Algorithm 2 achieves revenue Rev(M;D) ≥ Rev(M′;D′)−∆Rev.

The proof will be similar in structure to prior revenue approximation proofs for replica-surrogate

matching schemes, particularly that of [COVZ19], but the extra machinery in our full mechanism

M (among other changes) will lead to different details.

Recall that the revenue Rev(M∗, D∗) of a mechanism M∗ = (A∗, p∗) over distribution D∗

is Rev(M∗, D∗) := Et∼D∗ [
∑

k∈[n] p
∗
k(t)]. For our mechanism M, we define Rev

(1)
k (M;D) and

Rev
(2)
k (M;D) to be the expected contributions from bidder k to the revenue based on Phase 1 and

Phase 2 payments, respectively, such that

Rev(M;D) =
∑
k∈[n]

Rev
(1)
k (M;D) +Rev

(2)
k (M;D).

Observe that in Algorithm 2, for the Phase 1 payment, each bidder k is either charged 0 or

the output qk of running Payment. Condition (E3) therefore guarantees that Rev
(1)
k (M;D) ≥

min(0, qLB). Thus it will suffice to bound∑
k∈[n]

Rev
(2)
k (M;D) ≥ Rev(M′;D′)− (∆Rev + n ·min(0, qLB)).

Notation. For much of the proof, we will view as fixed the surrogate sets S := (Sk)k∈[n] returned
by calling Draw-S for each bidder k in Algorithm 2 (Step 1). Whenever we write val(k)(t1, t2) in

the analysis, we mean the interim value with respect to M̂′ = (Â′, p̂′) and the distribution D̂′:

val(k)(t1, t2) = E
t-k∼D̂′

-k

[vk(t1, Â′(t2, t-k))].

Similarly, by p̂′(k)(t) we mean the interim payment according to p̂′ over D̂′, such that

Rev(M̂′; D̂′) = E
t∼D̂′

∑
k∈[n]

p′k(t)

 = E
t∼D̂′

∑
k∈[n]

p̂′(k)(tk)


where t =: (t1, . . . , tn). The contribution from bidder k is Revk(M̂′; D̂′) := Etk∼D̂′

k
[p̂′(k)(tk)].

Finally, Rev(M;D)|S denotes the expected revenue of M over D conditioned on the particular

draw of surrogate sets S, and Rev
(2)
k (M;D)|S is defined analogously.

Fix a particular bidder k, with surrogates Sk and replicas Rk. We will use Φk
F to denote the
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event that the Flag(k) returned by MetaRS is True.40 We will usually view (Rk,Sk) as a bipartite

graph from replicas to surrogates. Let O(Rk,Sk) denote the set of matches from replicas to real

surrogates obtained by MetaRS (that is, dropping all matches to dummy surrogates). In general,

O(Rk,Sk) is a set of edges on (Rk,Sk) where each replica is the endpoint of at most one edge;

conditioned on Φk
F, O is a feasible κ-to-1 matching.

For convenience in the upcoming analysis, we will think of our bipartite graph as having the

same number of left and right nodes by imagining κ = R
S copies of each surrogate s ∈ Sk, to obtain

the copied-surrogates S̄k = (Sk, . . . ,Sk)︸ ︷︷ ︸
κ times

. We then view the edges O(Rk,Sk) as edges O(Rk, S̄k) on

(Rk,Sk) in the natural way, where edges to a surrogate sj ∈ Sk are distributed among the copies

of sj in S̄k to minimize the maximum degree of any copy of sj . Observe that conditioned on Φk
F,

O(Rk, S̄k) is a feasible 1-to-1 matching. We henceforth consider the graph (Rk, S̄k) in this section,

and so sometimes abbreviate O := O(Rk, S̄k) (and refer to S̄k as just “the surrogates S̄k”) when

the meaning is clear from context. For any set of edges E on (Rk, S̄k), we will write sj ∈ E to mean

that a surrogate sj is the endpoint of an edge in E. In a sum
∑

sj∈E(· · · ), sj should be enumerated

with the appropriate multiplicity if it is the endpoint of multiple edges in E.

Proof of Theorem A.3. The proof is built up through a series of technical lemmas, which we present

in steps below. To start, fix the surrogate sets S = (Sk)k∈[n] from Draw-S and fix a bidder k.

Step 1. Revenue expressed as surrogate payments.

Claim 1 (Adapted from [COVZ19], Lemma 21). Revk(M̂′; D̂′) and Rev
(2)
k (M;D)|S satisfy the

following claims:

Revk(M̂′; D̂′) =
1

R
·
∑
sj∈S̄k

p̂′(k)(sj)

Rev
(2)
k (M;D)|S ≥ (1− βk) E

MetaRS

 1

R
·

∑
sj∈O(Rk,S̄k)

p̂′(k)(sj) | Φk
F

− n · δFlag

where the expectation is over the draw of bidder k’s type from Dk and all internal randomness of

MetaRS and its meta-inputs.

We reiterate that the surrogates sets S are viewed as non-random for this claim and proof.

Proof of Claim 1. The claim on Revk(M̂′; D̂′) is seen as follows:

Revk(M̂′; D̂′) = E
t∼D̂′

k

[p̂′(k)(tk)]

=
1

S

∑
sj∈Sk

p̂′(k)(sj) definition of D̂′
k

=
1

R
·
∑
sj∈S̄k

p̂′(k)(sj) definition of S̄

40The event Φk
F, as in the proof of stationarity, is defined over the randomness in the draw of bidder k’s types and

the internal randomness of MetaRS and its meta-inputs, not the draw of surrogates Sk.
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Next we analyze Rev
(2)
k (M;D)|S. We abbreviate Rev

(2)
k,S := Rev

(2)
k (M;D)|S for convenience.

Define event ΦF as the event where Flag(k′) = True for all bidders k′ ∈ [n], i.e. ΦF =
⋂

k′∈[n]Φ
k′
F .

By Theorem A.2, Pr[ΦF] ≥ 1− n · δFlag. Thus we can write

Rev
(2)
k,S = Pr [ΦF] ·

(
Rev

(2)
k,S | ΦF

)
+ Pr [¬ΦF] ·

(
Rev

(2)
k,S | ¬ΦF

)
≥ (1− n · δFlag)

(
Rev

(2)
k,S | ΦF

) (
Rev

(2)
k,S | ¬ΦF

)
≥ 0

≥
(
Rev

(2)
k,S | ΦF

)
− n · δFlag

(
Rev

(2)
k,S | ¬ΦF

)
≤ 1

where Rev
(2)
k,S | ΦF denotes the expected contribution from bidder k to Rev(M;D) in Phase 2,

conditioned on S and Φk
F, and Rev

(2)
k,S | ¬ΦF is defined analogously.

Consider Rev
(2)
k,S | ΦF. Under event Φk

F, Flag
(k′) = True for all k′ ∈ [n], which implies the

following:

1. For Phase 2 payment, bidder k will pay (1−βk) times the payment under M̂′ of the surrogate

she is matched to, if any, under the matching O produced by MetaRS.

2. Since bidder k’s type can be viewed as a uniformly random replica under Flag(k) = True (by

the same reasoning as in the proof of Theorem A.2), each of the surrogates sj ∈ O is selected

with probability 1
R as the surrogate used to calculate the Phase 2 payment for bidder k.

3. For all k′ ̸= k, by Theorem A.2, the surrogate s(k
′) inputted on behalf of bidder k′ into M̂′

(in Step 4 of Algorithm 2) is distributed according to D̂′
k′ .

In particular, the expected payment of bidder k’s inputted surrogate—over all randomness of

deciding all other bidders’ inputted surrogates—is the interim payment p̂′(k)(·) over D̂′.

Putting these facts together, we can write Rev
(2)
k,S | ΦF as

Rev
(2)
k,S | ΦF = E

 1

R
·

∑
sj∈O(Rk,S̄k)

(1− βk) · p̂′(k)(sj) | ΦF


where the expectation is over the draw of bidder k’s type from Dk and all internal randomness

in MetaRS and its meta-inputs. Observe that the expression
∑

sj∈O(Rk,S̄k)
(1 − βk) · p̂′(k)(sj) is

independent of Φk′
F for all k′ ̸= k ∈ [n]. In particular, we can conclude

Rev
(2)
k,S | ΦF = (1− βk) · E

 1

R
·

∑
sj∈O(Rk,S̄k)

p̂′(k)(sj) | Φk
F


which upon substitution completes the proof.

Step 2. Construct high-cardinality matching M∗(Rk, S̄k, ck,G(Rk)). For Steps 2 and 3, we

fix the output G of Preprocess, the replicas Rk from Draw-R, and the outputs of the rest

of MetaRS such that event Φk
F holds. In particular, we consider the resulting O := O(Rk, S̄k)

as a feasible, 1-to-1 matching. Furthermore, we fix a realization of the couples ck,G(Rk) =

51



(ck,G(r1), . . . , ck,G(rR)), where ck,G is the coupling guaranteed by the meta-framework (Section 5.3)

corresponding to G.
Then let M := M(Rk, S̄k, ck,G(Rk)) be the maximum-cardinality, 1-to-1 matching on (Rk, S̄k)

that matches some ri to some sj only if ck,G(ri) and sj are d-close. We now define a modified

version of M , denoted M∗.

Definition A.4 (Modified matching M∗ [COVZ19]). Suppose Φk
F holds, so that O is a matching.

Consider the union of matchings O and M , which is a set of alternating paths and cycles, and let

P be the set of alternating paths with an endpoint that is a surrogate matched in M but not in O.

Then the matching M∗ := M∗(Rk, S̄k, ck,G(Rk)) is defined by starting from O and then, for each

path P ∈ P, replacing all edges from O in P with the edges from M in P .

We now bound the expected payment of surrogates matched underM∗ in terms ofRevk(M̂′; D̂′)41

and the cardinality |M | of M . It will then suffice to focus our analysis on comparing the matchings

O and M∗.

Claim 2 (Adapted from [COVZ19], Corollary 3). Suppose Φk
F holds, so that M∗ is well-defined.

Then
1

R
·
∑

sj∈M∗

p̂′(k)(sj) ≥ Revk(M̂′; D̂′)− (1− |M |/R).

Proof of Claim 2. The key observation is that |M∗| ≥ |M |. To see this, consider the set P as

defined in Theorem A.4. For any surrogate s matched in M on an alternating path P ∈ P, s is also

matched by M∗. For any surrogate s matched in M∗ outside of alternating paths in P, observe
that s must be matched by O (by definition of P) and hence by M∗ as well. Thus M∗ matches at

least as many surrogates as M .

We can then derive as follows, where S̄k \M∗ denotes the surrogates left unmatched by M∗.

1

R
·
∑

sj∈M∗

p̂′(k)(sj) =
1

R
·
∑
sj∈S̄k

p̂′(k)(sj)−
1

R
·

∑
sj∈S̄k\M∗

p̂′(k)(sj)

≥ 1

R
·
∑
sj∈S̄k

p̂′(k)(sj)−
1

R
· (R− |M∗|) · 1 p̂′(k)(·) ≤ 1

≥ 1

R
·
∑
sj∈S̄k

p̂′(k)(sj)−
1

R
· (R− |M |) |M∗| ≥ |M |

= Rev(M̂′; D̂′)− (1− |M |/R) Claim 1

Step 3. Compare surrogates matched in O and M∗. We now analyze the difference between

surrogates matched in O and M∗ by reasoning about the alternating paths in P. For an edge be-

tween ri ∈ Rk and sj ∈ S̄k, let the weight of that edge be ŵ(ri, sj) = ŵij as defined in Theorem 4.1,

with respect to the mechanism M̂′ and the distribution D̂′, and then let W (E) denote the total

weight of a matching E. We also define ε̂ ≥ 0 to be the smallest value such that M̂′ is ε̂-BIC over

D̂′.42

41Note that, once S is fixed, Revk(M̂′; D̂′) is a non-random quantity.
42Like Revk(M̂′; D̂′), while ε̂ is a random variable over the randomness of Draw-S, it is fixed here for fixed S.
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Claim 3. Let Opt := Opt(P(Rk,Sk, ŵ)) denote the weight of the maximum-weight, κ-to-1 match-

ing on (Rk,Sk) for weights ŵ = (ŵij)i,j (Theorem 4.2). Then

1

R
·
∑
sj∈O

p̂′(k)(sj) ≥
1

R
·
∑

sj∈M∗

p̂′(k)(sj)−
1

Rβk
(Opt−W (O))− 2

Rβk

 ∑
ri∈Rk

distk(ri, ck,G(ri))

− 1

βk
·(2ε̂+3d).

The proof of Claim 3 follows the same derivation as in [COVZ19] (part of the proof of their

Lemma 26).

Proof of Claim 3. Consider an alternating path P ∈ P (Definition A.4). P must have one of

two forms: (a) (s(1), r(1), s(2), . . . , r(c), s(c+1)), where s(1) ∈ M∗ \ O and s(c+1) ∈ O \M∗; or (b)

(s(1), r(1), s(2), . . . , s(c), r(c)), where s(1) ∈ M∗ \ O.43 In either case, any edge s(i) ↔ r(i) is an edge

in M∗ and in M , so in particular, ck,G(r(i)) and s(i) must be d-close.

Consider any i ∈ [c] for type (a) paths, or i ∈ [c− 1] for type (b) paths. SinceM′ is ε̂-BIC over

D̂′ by Condition (A1),

val(k)(s(i), s(i))− p̂′(k)(s(i)) ≥ val(k)(s(i), s(i+1))− p̂′(k)(s(i+1))− ε̂.

Since distk(ck,G(r(i)), s(i)) = maxo∈O |vk(ck,G(r(i)), o) − vk(s(i), o)| ≤ d, for any type t′ it holds

that |val(k)(ck,G(r(i)), t′)− val(k)(s(i), t
′)| ≤ d. Thus

val(k)(ck,G(r(i)), s(i))− p̂′(k)(s(i)) ≥ val(k)(ck,G(r(i)), s(i+1))− p̂′(k)(s(i+1))− ε̂− 2d.

Since weight ŵ(ri, sj) is defined as ŵ(ri, sj) = val(k)(ri, sj)− (1− βk)p̂
′(k)(sj), we can write

ŵ(r(i), s(i))− ŵ(r(i), s(i+1)) ≥ −ε̂− 2d− βk

(
p̂′(k)(s(i+1))− p̂′(k)(s(i))

)
+∆k(r(i), s(i))−∆k(r(i), s(i+1))

where ∆k(ri, sj) := val(k)(ri, sj)−val(k)(ck,G(ri), sj) captures a difference in (interim) values between

a replica and its couple. We now sum our weight difference terms over the whole path P . When P

is of form (a),

c∑
i=1

(
ŵ(r(i), s(i+1))− ŵ(r(i), s(i))

)
≤ c · (2d+ ε̂) + βk

(
p̂′(k)(s(c+1))− p̂′(k)(s(1))

)
+

c∑
i=1

(
∆k(r(i), s(i+1))−∆k(r(i), s(i))

)
.

When P is of form (b),

c−1∑
i=1

(
ŵ(r(i), s(i+1))− ŵ(r(i), s(i))

)
− ŵ(r(c), s(c))

43The parentheses in the indices are used to distinguish the indices from previous orderings of S̄k or Rk. These
indices are used to label the replicas and surrogates along a particular alternating path.
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≤ (c− 1) · (2d+ ε̂) + βk · (p̂′(k)(s(c))− p̂′(k)(s(1)))− ŵ(r(c), s(c)) +

c−1∑
i=1

(
∆k(r(i), s(i+1))−∆k(r(i), s(i))

)
≤ d+ ε̂+ (c− 1) · (2d+ ε̂)− βk · p̂′(k)(s(1))−

c∑
i=1

∆k(r(i), s(i)) +

c−1∑
i=1

∆k(r(i), s(i+1))

where the final inequality holds because

βk · p̂′(k)(s(i))− ŵ(r(i), s(i)) ≤ −∆k(r(i), s(i)) + d+ ε̂,

which itself is seen as follows:

ŵ(r(i), s(i))− βk · p̂′(k)(s(i)) = val(k)(r(i), s(i))− p̂′(k)(s(i))

= val(k)(ck,G(r(i)), s(i))− p̂′(k)(s(i)) + ∆k(r(i), s(i))

≥ val(k)(s(i), s(i))− p̂′(k)(s(i)) + ∆k(r(i), s(i))− d

≥ ∆k(r(i), s(i))− d− ε̂.

The last inequality here holds because val(k)(s(i), s(i))− p̂′(k)(s(i)) ≥ 0, since M̂′ is ε̂-IR.

Thus we have that for any P ∈ P,∑
r(i),s(j)∈P∩O

ŵ(r(i), s(j))−
∑

r(i),s(j)∈P∩M∗

ŵ(r(i), s(j))

≤ d+ ε̂+ |P ∩O| · (2d+ ε̂) + βk ·

 ∑
s(j)∈P∩O

p̂′(k)(s(j))−
∑

s(j)∈P∩M∗

p̂′(k)(s(j))

+Diff(P )

where Diff(P ) =
∑

r(i),s(j)∈P∩O ∆k(r(i), s(j))−
∑

r(i),s(j)∈P∩M∗ ∆k(r(i), s(j)). Summing over P ∈ P:

∑
P∈P

 ∑
r(i),s(j)∈P∩O

ŵ(r(i), s(j))−
∑

r(i),s(j)∈P∩M∗

ŵ(r(i), s(j))


≤ R · (3d+ 2ε̂) + βk ·

∑
sj∈O

p̂′(k)(sj)−
∑

sj∈M∗

p̂′(k)(sj)

+
∑
P∈P

Diff(P ),

because the surrogates matched under M∗ and O differ only via the paths in P, by construction of

M∗. We now observe that the LHS of the above inequality can be bounded in a different way:

∑
P∈P

 ∑
r(i),s(j)∈P∩O

ŵ(r(i), s(j))−
∑

r(i),s(j)∈P∩M∗

ŵ(r(i), s(j))


= W (O)−W (M∗)

≥W (O(Rk, S̄k))−Opt

where Opt := Opt(P(Rk,Sk, ŵ)). The equality follows again by construction of M∗: since M∗

differs from matching O only in the edges in the alternating paths P ∈ P, the weight difference
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between the matchings is exactly the sum of the weight difference on each path P ∈ P. The

inequality follows because Opt(P(Rk,Sk, ŵ)) denotes the weight of the maximum-weight matching

on (Rk, S̄k), which is at least W (M∗).44

Straightforward rearranging of the last two expressions yields

1

R
·
∑
sj∈O

p̂′(k)(sj) ≥
1

R
·
∑

sj∈M ′

p̂′(k)(sj)−
1

Rβk
(Opt−W (O))− 1

Rβk

∑
P∈P

Diff(P )− 1

βk
· (2ε̂+ 3d).

The claim now follows by observing that ∆k(ri, sj) ∈ [−distk(ri, ck,G(ri)), distk(ri, ck,G(ri))] for
any sj , which implies that

∑
P∈P Diff(P ) ≤

∑
ri∈Rk

2 · distk(ri, ck,G(ri)).

Step 4. Take expectations over Step 3 terms. We now prove our main technical lemma

on revenue bounds by carefully taking (conditional) expectations and leveraging meta-framework

guarantees to bound the terms in Claim 3.

Claim 4 (Analog of [COVZ19], Lemma 23). Fix surrogate sets S := (Sk′)k′∈[n] and fix a bidder k.

Rev
(2)
k (M;D) | S ≥ Revk(M̂′; D̂′)− βk − (m+ 1)δFlag −∆Match

− 1

βk

(
3d+ 2ε̂+∆MWM + 2∆

(k)
Couple + 3δFlag

)
Proof of Claim 4. Claim 3 tells us the following: fixing G, Rk, and the output O(Rk, S̄k) of

MetaRS such that Φk
F holds and fixing the realization of ck,G(Rk), we have

1

R
·
∑
sj∈O

p̂′(k)(sj) ≥
1

R
·
∑

sj∈M∗

p̂′(k)(sj)−
1

Rβk
(Opt−W (O))− 2

Rβk

 ∑
ri∈Rk

distk(ri, ck,G(ri))

− 1

βk
·(2ε̂+3d).

Note first that 1
R ·

∑
sj∈M∗ p̂′(k)(sj) ≥ Revk(M̂′; D̂′) − (1 − |M |/R) (where matching M is

as defined in Step 2 above). We now take expectations over the draw of bidder k’s type, all

internal randomness in MetaRS and the meta-inputs used in it, and the realization of the coupling

ck,G(·):45

E

 1

R
·
∑
sj∈O

p̂′(k)(sj) | Φk
F

 ≥ Revk(M̂′; D̂′)− 3d+ 2ε̂

βk

− E
[
(1− |M |/R) | Φk

F

]
− 1

Rβk
· E
[
Opt−W (O) | Φk

F

]
− 2

Rβk
· E

 ∑
ri∈Rk

distk(ri, ck,G(ri)) | Φk
F


44Note that the max-weight κ-to-1 matching on (Rk, S̄k) corresponds exactly to the max-weight 1-to-1 matching

on (Rk, S̄k).
45The choice of coupling ck,G itself is a random variable over the randomness of Preprocess, over which we also

take an expectation.

55



We must now deal with a technical detail: we would like to bound the latter three terms

above using Conditions (B3), (B4), and (C2) of the meta-framework, where expectations are not

conditioned on event Φk
F. To handle this, we use the following elementary fact.

Fact A.5 (Expectations conditioned on high probability events). Let X be a random variable

supported on [a, b] for some 0 ≤ a ≤ b ∈ R. Let C be an event that holds with probability at least

1− δ, for some δ ∈ [0, 1). Then

E[X|C] ≤ E[X] + δ(b− a).

Note that it is important that the terms inside each of the conditional expectations on the RHS

of the previous expression be well-defined unconditionally in order to apply Theorem A.5. The

term Opt−W (O) is supported on [0, 2R], since edge weights are in [−1, 1] (val(k)(·, ·) ∈ [0, 1] and

p̂′(k)(·) ∈ [0, 1]). The term (1 − |M |/R) is supported on [0, 1]. The term
∑

ri∈Rk
distk(ri, ck,G(ri))

is supported on [0, R].

First, since Pr
[
Φk
F

]
≥ 1− δFlag,

E
[
Opt−W (O) | Φk

F

]
≤ E [Opt−W (O)] + 2δFlagR.

Observe that E[W (O)] = E[W (O(Rk,Sk))] = Eσ[(1 − λ)x∗ij(α̂)ŵij ], where the final expectation is

only over randomness σ defined by Preprocess, Compute-α, drawing bidder k’s type from Dk,

and Draw-R—in particular, this expression is obtained after taking the expectation with respect

to the matching process in Step 4 of MetaRS. Condition (C2) then implies that E[Opt−W (O)] ≤
R ·∆MWM.

For the other two terms, note that Φk
F = Φk

F-R∩E, where Φk
F-R is the event that FlagR = True

for bidder k and E is the appropriate event implied by Step 5 in MetaRS (the details of which do

not matter here). Clearly Pr [E] ≥ Pr
[
Φk
F

]
≥ 1−δFlag. Treating E as the event C in Theorem A.5

then yields

E
[
(1− |M |/R) | Φk

F

]
≤ E

[
(1− |M |/R) | Φk

F-R

]
+ δFlag

E

 ∑
ri∈Rk

distk(ri, ck,G(ri)) | Φk
F

 ≤ E

 ∑
ri∈Rk

distk(ri, ck,G(ri)) | Φk
F-R

+ δFlagR.

Condition (B3) implies that E
[
(1− |M |/R) | Φk

F-R
]
≤ ∆Match. Condition (B4) implies that

E
[∑

ri∈Rk
distk(ri, ck,G(ri)) | Φk

F-R

]
≤ R ·∆(k)

Couple.

Substituting all of these bounds, we conclude that

Rev
(2)
k (M;D)|S ≥ (1− βk)E

 1

R
·
∑
sj∈O

p̂′(k)(sj) | Φk
F

− nδFlag Claim 1

≥ E

 1

R
·
∑
sj∈O

p̂′(k)(sj) | Φk
F

− βk − nδFlag p̂′(k)(·) ≤ 1

≥ Revk(M̂′; D̂′)− βk − (n+ 1)δFlag −∆Match
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− 1

βk
· (∆MWM + 3d+ 2ε̂+ 2∆

(k)
Couple + 3δFlag) via Theorem A.5

Step 5. Putting everything together. We are finally ready to conclude Theorem A.3. We

start by summing over k and taking expectations over the draw of S via Draw-S:

E
S

[
n∑

k=1

Rev
(2)
k (M;D)|S

]
≥ E

S

[
Rev(M̂′; D̂′)

]
− 1

βk
E
S
[2nε̂]

−
n∑

k=1

[
βk + (n+ 1)δFlag +∆Match +

1

βk
· (∆MWM + 3d+ 2∆

(k)
Couple + 3δFlag)

]

The LHS is equal to
∑

k∈[n]Rev
(2)
k (M;D). Next, it is not hard to see that both Rev(M̂′; D̂′)

and n · ε̂, viewed as a random variables over Draw-S and EstMechanism, are supported on

[0, n]. Condition (A1) then implies, via an application of Theorem A.5, that ES

[
Rev(M̂′; D̂′)

]
≥

Rev(M′;D′)−∆D-S − nδD-S and ES [2nε̂] ≤ 2n(ε+ εD-S) + 2nδD-S.

Substituting in, we have that

∑
k∈[n]

Rev
(2)
k (M;D) ≥ Rev(M′;D′)−∆D-S −

n∑
k=1

∆Rev
(k),(2)

where

∆Rev
(k),(2) = βk+(n+1)δFlag+δD-S+∆Match+

1

βk
·(∆MWM+2ε+2εD-S+2δD-S+3d+2∆

(k)
Couple+3δFlag).

By our earlier observation via Condition (E3) this implies the claim in Theorem A.3.

B Extension: Interim IR to Ex-Post IR Reduction

In this section, we prove Theorem 5.2, which we restate here.

Theorem B.1. Suppose we are given sample access to distributions D′ = ×k∈[n]D
′
k and D =

×k∈[n]Dk of bidder types, and query access to a mechanism M′ that is IR and ε-BIC over D′.

Suppose we have implementations of the meta-inputs Draw-S, EstMechanism, Preprocess,

Draw-R, Compute-α, Match, and Payment, together with a choice of parameter values (Sec-

tion 5.3.1), that satisfy the meta-framework requirements (Section 5.3). If we have interim ac-

cess to the output of EstMechanism, then replacing Phase 2 in Algorithm 2 with Algorithm 3

defines an ex-post IR and (exactly) BIC mechanism M over n bidders that achieves revenue

Rev(M;D) ≥ Rev(M′;D′)−∆Rev using N(D) samples from D and N(D′) samples from D′.

Proof. Let M− = (A−, p−) denote the output of Algorithm 2, and let M = (A, p) denote the

output of Algorithm 2 but with Phase 2 replaced with Algorithm 3. Condition on the output (Sk)k
of Draw-S and the event that FlagEst = True. Let ΦKeep denote the event, over the randomness

of t-k ∼ D-k and internal randomness of MetaRS, that Coin(k) = True and Flag(k′) = True
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for all k′ ̸= k ∈ [n] in Algorithm 2 (note that these events are independent of bidder k’s report).

Letting M̂′ = (Â′, p̂′) denote the output of EstMechanism, we have that

p−k (t) = ((1− βk) · p̂′k(s(k), s(−k)) · 1(¬dummy(k)) + qk) · 1(ΦKeep)

pk(t) = vk(tk, Â′(s(k), s(−k))) ·
E[qk]+(1−βk)·

∑
sj∈Sk

x∗
kj ·Es−k∼D̂′

−k
[p̂′k(sj ,s−k)]∑

sj∈Sk
x∗
kj ·Es−k∼D̂′

−k
[vk(tk,Â′(sj ,s−k)]

· 1(ΦKeep,¬dummy(k))

uk(tk,M−(t′k, t−k)) = vk(tk, Â′(s(k), s(−k))) · 1(ΦKeep,¬dummy(k))− p−k (t
′
k, t−k)

uk(tk,M(t′k, t−k)) = vk(tk, Â′(s(k), s(−k))) · 1(ΦKeep,¬dummy(k))− pk(t
′
k, t−k)

where s(k) is the surrogate matched to bidder k according to MetaRS. SinceM− satisfies Condi-

tion (E2), we have that∑
sj∈Sk

x∗kj · Es−k∼D̂′
−k
[vk(tk, Â′(sj , s−k)− (1− βk) · p̂′k(sj , s−k)] =

∑
sj∈Sk

x∗kj · ŵkj ≥ E[qk],

so uk(tk,M(t)) ≥ 0 for all type profiles t ∈ supp(D). Moreover, since M− is BIC and achieves

the desired revenue guarantee, to show that M also satisfies these properties, it suffices to show

that the interim payment from each bidder k coincides between M− and M. Recall that we are

conditioning on (Sk)k and the event that FlagEst = True.

Et−k∼D−k
[p−k (tk, t−k)] = Et−k∼D−k

[(1− βk) · p̂′k(s(k), s(−k)) · 1(¬dummy(k)) + qk | ΦKeep] · Pr[ΦKeep]

= (1− βk) · Es(−k)∼D̂′
−k
[p̂′k(s

(k), s(−k)) · 1(¬dummy(k))] · Pr[ΦKeep]

+ E[qk] · Pr[ΦKeep]

(Theorem A.2)

= ((1− βk) ·
∑

sj∈Sk
x∗kj · Es(−k)∼D̂′

−k
[p̂′k(sj , s

(−k))] + E[qk]) · Pr[ΦKeep]

Et−k∼D−k
[pk(tk, t−k)] = Et−k∼D−k

[
vk(tk, Â′(s(k), s(−k))) ·

E[qk]+(1−βk)·
∑

sj∈Sk
x∗
kj ·Es−k∼D̂′

−k
[p̂′k(sj ,s−k)]∑

sj∈Sk
x∗
kj ·Es−k∼D̂′

−k
[vk(tk,Â′(sj ,s−k)]

· 1(¬dummy(k)) | ΦKeep

]
· Pr[ΦKeep]

=
E[qk]+(1−βk)·

∑
sj∈Sk

x∗
kj ·Es−k∼D̂′

−k
[p̂′k(sj ,s−k)]∑

sj∈Sk
x∗
kj ·Es−k∼D̂′

−k
[vk(tk,Â′(sj ,s−k)]

· Es(−k)∼D̂′
−k
[vk(tk, Â′(s(k), s(−k))) · 1(¬dummy(k))] · Pr[ΦKeep]

(Theorem A.2)

=
E[qk]+(1−βk)·

∑
sj∈Sk

x∗
kj ·Es−k∼D̂′

−k
[p̂′k(sj ,s−k)]∑

sj∈Sk
x∗
kj ·Es−k∼D̂′

−k
[vk(tk,Â′(sj ,s−k)]

·
∑

sj∈Sk
x∗kj · Es−k∼D̂′

−k
[vk(tk, Â′(sj , s−k)] · Pr[ΦKeep]

= (E[qk] + (1− βk) ·
∑

sj∈Sk
x∗kj · Es−k∼D̂′

−k
[p̂′k(sj , s−k)]) · Pr[ΦKeep]
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C Analysis: Main Result

C.1 Draw-S and EstMechanism

Condition (A1).

We prove the condition via Theorem C.1 below. In particular, note that Condition (A1) follows by

setting ε′ := 1
2εD-S = O(ε), ∆ := ∆D-S = O(nε), and N := NS = m3n

ε3
in Theorem C.1, for which

the failure probability comes out to O(ε) = δD-S.

Lemma C.1. Consider mechanism M′ over D′ = ×k∈[n]D
′
k, where each D′

k = ×ℓ∈[m]D
′
kℓ. For

each bidder k and item ℓ, draw N samples from D′
kℓ and define D̂′

kℓ to be the uniform distribution

over these samples. Let D̂′
k = ×ℓD̂

′
kℓ and D̂′ = ×kD̂

′
k. If ex-post payments are bounded in [0, 1],

then with probability at least

1− 8nN2m

ε′ exp
(
− ε′2N

8

)
− 4n

∆ exp
(
−∆2N

8n2

)
,

M′ is an (ε+4ε′)-BIC and 2ε′-IR mechanism for bidders with types drawn from D̂′ whose revenue

from these bidders is at most ∆ less than its revenue from bidders whose types are drawn from D′.

The proof uses a concentration result due to Babichenko et al. [BBP17], stated in Theorem C.8.

Proof. SinceM′ is ε-BIC and IR over D′, we have that

Et-k∼D′
-k
[vk(tk,A′(t))− p′k(t)] ≥ Et-k∼D′

-k
[vk(tk,A′(t′k, t-k))− p′k(t

′
k, t-k)]− ε

Et-k∼D′
-k
[vk(tk,A′(t))− p′k(t)] ≥ 0

for all bidders k and types tk, t
′
k ∈ supp(D′

k).

Recall that valuations vk(·, ·) and payments p′k(·) are both in [0, 1]. Theorem C.8 then implies

that for each bidder k and types tk, t
′
k ∈ supp(D̂′

k),

Pr(|Et-k∼D̂′
-k
[vk(tk,A′(t′k, t−k))]− Et-k∼D′

-k
[vk(tk,A′(t′k, t−k))]| > ε′) ≤ 4

ε′ exp
(
− ε′2N

8

)
Pr(|Et-k∼D̂′

-k
[p′k(t

′
k, t−k)]− Et-k∼D′

-k
[p′k(t

′
k, t−k)]| > ε′) ≤ 4

ε′ exp
(
− ε′2N

8

)
Via union bound, the probability that there exists a bidder k and types tk, t

′
k ∈ supp(D̂′

k) for which

the above events do not hold is at most

8nN2m

ε′ exp
(
− ε′2N

8

)
Thus, with probability at least 1 less the above quantity, M′ is an (ε + 4ε′)-BIC and 2ε′-IR

mechanism for bidders whose types are drawn from D̂′ instead.

It remains to bound the revenue loss. Since each p′k(·) ∈ [0, 1], it follows from Theorem C.8 that

Pr(|Et∼D̂′ [
∑

k p
′
k(t)]− Et∼D′ [

∑
k p

′
k(t)]| > ∆) ≤ 4n

∆ exp
(
−∆2N

8n2

)
.

This completes the proof sinceRev(M′, D̂′) = Et∼D̂′ [
∑

k p
′
k(t)] andRev(M′;D′) = Et∼D′ [

∑
k p

′
k(t)].
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C.2 Preprocess

For the remaining proofs of meta-input requirements, we consider a fixed bidder k. Though we do

not have a Meta-Framework condition on Preprocess, we prove for later use the following lemma

about the probability mass covered by the returned points (Gkℓ)ℓ∈[m].

Lemma C.2 (Preprocess concentration). With probability at least 1− exp(−nm
ε ) over the ran-

domness of Preprocess, the output G = (Gkℓ)ℓ∈[m] satisfies that, for all ℓ ∈ [m],

Pr
z∼⌊Dkℓ⌋η

[z /∈ Gkℓ] ≤
ε

nm
, and

∀y ∈ Gkℓ, Pr
z∼⌊Dkℓ⌋η

[z = y] ≥ η ·
( ε

nm

)3
=

ε6

m6n4
.

Proof of Theorem C.2. Recall that η = ε3

m3n
and NP = 2

η ·
(
nm
ε

)4
. We define probability thresholds

pA := η
2 ·

ε
nm and pB := η ·

(
ε

nm

)3
. Consider any ℓ ∈ [m]. Let τ :=

(
nm
ε

)2
denote the number of

times a point must appear to be included in Gkℓ in Preprocess.

First, consider any y ∈ Iη such that Pr⌊Dkℓ⌋η [y] ≥ pA. Consider the multiset P in Preprocess

and let Ny denote the number of times y appears in P . Then E[Ny] ≥ pA ·NP = nm
ε · τ . Thus it

follows via a Chernoff bound that

Pr [y /∈ Gkℓ] = Pr [Ny < τ ]

= Pr
[
Ny <

ε

nm
· E[Ny]

]
≤ exp

(
−1

4

(nm
ε

)2)
Clearly there are at most |Iη| points y such that Pr⌊Dkℓ⌋η [y] ≥ pA. By union bound over

the points in Iη, this implies that except with probability at most 1
2n exp(−nm

ε ), all y ∈ Iη
with Pr⌊Dkℓ⌋η [y] ≥ pA are in Gkℓ (by choice of η ≪ exp(nmε )). Under this event it follows that

Prz∼⌊Dkℓ⌋η [z /∈ Gkℓ] ≤ pA · |Iη| ≤ ε
nm . By a union bound over ℓ ∈ [m], this implies that except with

probability at most 1
2 exp(−

nm
ε ), it holds for all ℓ ∈ [m] that Prz∼⌊Dkℓ⌋η [z /∈ Gkℓ] ≤ ε

nm .

Next consider any y ∈ Iη such that Pr⌊Dkℓ⌋η [y] < pB. Let Ny denote the number of times y

appears in P . Then E[Ny] <
nm
ε . It follows via a Chernoff bound that

Pr [y ∈ Gkℓ] = Pr [Ny ≥ τ ]

= Pr

[
Ny ≥

((nm
ε

)2
· 1

E[Ny]

)
· E[Ny]

]
≤ exp

(
−1

2

(nm
ε

)2)
Union bounding over all points in Iη, we have that except with probability 1

2n exp(−nm
ε ), no

y ∈ Iη with Pr⌊Dkℓ⌋η [y] < pB is inGkℓ. This implies the claim after union bounding over ℓ ∈ [m].

C.3 Draw-R

Condition (B1).
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Proof. It is immediate that the returned set Rk contains the bidder type tk, specifically, ri∗ = tk.

We now bound the probability that FlagR = False. First, it is straightforward to see via a

Chernoff bound that Pr
[
Flagℓ

Draw = False
]
= exp(−Ω(NR)) and so

Pr
[
∃ ℓ s.t. Flagℓ

Draw = False
]
= m · exp(−Ω(NR)).

Next, it follows from Theorem C.2 and a union bound that except with probability at most

exp
(
−nm

ε

)
(over the randomness of Preprocess),

Pr
tk∼Dk

[∃ ℓ s.t. ⌊tℓ⌋η /∈ Gkℓ] ≤
ε

n
.

Putting everything together, we have by choice of NR that

δD-R = Pr [FlagR = False]

≤ m · exp(−Ω(NR)) + exp
(
−nm

ε

)
+

ε

n

= O
( ε
n

)
as desired.

For Conditions (B2) – (B4), we define distributions FG := Fk,G and the couplings cG := ck,G for any

output G = (Gkℓ)ℓ of Preprocess as follows. We drop the subscript k in this notation for brevity

throughout the analysis.

• Distribution: For each ℓ ∈ [m], let FG,ℓ be the distribution of x ∼ Dkℓ conditioned on

⌊x⌋η ∈ Gkℓ. Then define distribution FG := ×ℓ∈[m]FG,ℓ.

• Coupling: Let c denote an optimal product coupling between Dk and D′
k, i.e.

c ∈ argminΓ∈Πprod(Dk,D
′
k)
dΓ(Dk, D

′
k),

for distance function d(·, ·) = distk(·, ·). For each ℓ, let cℓ denote the coupling betweenDkℓ and

D′
kℓ induced by c, such that c = ×m

ℓ=1cℓ. Next, for all ℓ, we define a coupling c̄G,ℓ between FG,ℓ
and Dkℓ, where a draw (x, y) ∼ c̄G,ℓ is defined as follows. Let p(Gkℓ) := Pry∼Dkℓ

[⌊y⌋η ∈ Gkℓ].

First, draw x ∼ FG,ℓ. Independently flip Z = Bern(p(Gkℓ)). If Z = 1, then set y = x; else,

sample y from the distribution of y′ ∼ Dkℓ conditioned on ⌊y′⌋η /∈ Gkℓ.

We then define cG,ℓ to be the composed coupling cG,ℓ := cℓ ◦ c̄G,ℓ. That is, to sample (x, z) ∼
cG,ℓ, first draw x ∼ FG,ℓ, then draw y ∼ c̄G,ℓ(x), and then draw z ∼ c(y). Finally, we define

cG as the product coupling cG := ×ℓ∈[m]cG,ℓ over the couplings (cG,ℓ)ℓ.

It is straightforward to verify that c̄G,ℓ is a valid coupling between FG,ℓ and Dkℓ, which implies

by composition that cG,ℓ is a valid coupling between FG,ℓ and D′
kℓ, and so cG is a valid coupling

between FG and D′
k.

The following claim will be useful for proving multiple conditions.

Claim 5. Conditioned on G and FlagR = True, for each ℓ ∈ [m], the elements of the multiset Rkℓ

in Draw-R are i.i.d samples from FG,ℓ (over randomness of tk ∼ Dk and internal randomness of

Draw-R).
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Proof. Condition on (Gkℓ)ℓ and FlagR = True. Fix any ℓ ∈ [m]. It follows by inspection of Draw

that the elements of R−
kℓ are i.i.d samples from FG,ℓ, since these are the first N := NR − 1 draws

x such that ⌊x⌋η ∈ Gkℓ out of the 2N i.i.d draws from Dkℓ. Similarly, it is clear by inspection of

Draw-R the distribution of tkℓ is equal to FG,ℓ, independently of each element in R−
kℓ.

Condition (B2): Replica indistinguishability.

Proof. Fix output G = (Gkℓ)ℓ∈[m] of Preprocess. Conditioned on G and FlagR = True, the

elements of Rkℓ are i.i.d samples from FG,ℓ by Claim 5. Draw-R then returns Rk := ×ℓ∈[m]Rkℓ.

Since the sets Rkℓ are independent (conditioned on G) over ℓ, each ri ∈ Rk is distributed according

to ×ℓ∈[m]FG,ℓ = FG . Moreover, because the samples in each Rkℓ are i.i.d for all ℓ ∈ [m], and because

Rk is formed as Rk := ×ℓRkℓ, the distribution of any replica ri in Rk is equivalently expressed as a

uniform random variable over Rk. In particular, this is true of the bidder’s type tk, i.e. the replica

ri∗ , as desired. Observe that we can uncondition on G for this latter claim in this condition.

Condition (B3): High-cardinality matching.

For convenience in the proof, we imagine copying the surrogates Sk κ times, to form the copied

surrogates S̄k. We can accomplish this by creating NR
NS

copies of each surrogate marginal multiset

Skℓ (defined in Draw-S) to form the copied surrogate marginals S̄kℓ (a multiset of size NR), which

we think of as the concatenation of Skℓ NR
NS

times: S̄kℓ = (Skℓ,Skℓ, . . . ,Skℓ). We then define

S̄k := ×ℓ∈[m]S̄kℓ. The purpose of this copying is to reframe any κ-to-1 matching from Rk to Sk as

a 1-to-1 matching from Rk to S̄k in the natural way.46

Proof. Consider the surrogates Sk outputted by Draw-S and corresponding copied surrogates S̄k;
the output G of Preprocess and corresponding coupling cG(·); and the replicas Rk outputted by

Draw-R. Condition on the event FlagR = True and on the particular global state G.
We consider the following procedure for realizing the couples cG(Rk). Recall that Rk :=

×ℓ∈[m]Rkℓ in Draw-R and that cG := ×ℓ∈[m]cG,ℓ. To draw cG(Rk), draw independently for each

ℓ ∈ [m] marginal couples cG,ℓ(Rkℓ) = (cG,ℓ(x1), . . . , cG,ℓ(xNR
)), ∀xi ∈ Rkℓ, where each marginal

couple cG,ℓ(xi) is drawn independently. Then return the product set ×ℓ∈[m]cG,ℓ(Rkℓ) as cG(Rk).

To verify that this is a valid way to realize the coupling cG(Rk), fix any ri = (ri,1, . . . , ri,n) ∈
Rk. Observe that the couple cG(ri) is obtained by independently drawing the marginal cou-

ples cG,ℓ(ri,1), . . . , cG,ℓ(ri,m) and setting cG(ri) = (cG,ℓ(ri,1), . . . , cG,ℓ(ri,m)) when the product set

is formed. This is what drawing cG(ri) means for product coupling cG .
47

We want to argue that the expected size of the maximal (1-to-1) matching M between d-

close replica couples cG(Rk) and copied surrogates S̄k is large. To do this, we will apply the

following technical lemma introduced for a similar high-cardinality matching argument in Hartline

et al. [HKM11], adapted below.

Lemma C.3 (High-cardinality matching on i.i.d vertices [HKM11]). Consider a bipartite graph

(A, B) where the vertex sets have size |A| = |B| = N , and each vertex is associated with a value

drawn i.i.d from some distribution Q. Suppose B is a partition of supp(Q) of size b := |B|. Let M

denote the maximum-cardinality matching between A and B that only matches nodes with realized

46This procedure is only imagined for analysis and does not actually need to be run.
47Note that the realization of cG(Rk) is not required anywhere to be independent across the replicas; indeed, the

realization given here is compatible with the proof of Condition (B4).
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values in the same partite set of B, and let |M | ∈ [N ] denote the size of this matching. Then

EQ[N − |M |] ≤
√
bN .

Unfortunately, we cannot apply Theorem C.3 directly on A := cG(Rk) and B := S̄k because the

replicas and surrogates are not i.i.d draws. However, the underlying replica marginal couples and

surrogate marginals are i.i.d draws. In particular, observe that conditioned on G and FlagR =

True, for each ℓ ∈ [m], the replica marginal couples cG,ℓ(Rkℓ) are i.i.d draws from D′
kℓ, as the

elements of Rkℓ are i.i.d draws from FG,ℓ by Claim 5. Moreover, for each ℓ ∈ [m], the surrogate

marginals Skℓ are i.i.d draws from D′
kℓ by construction in Draw-S, and this remains true even

conditioned on G and FlagR = True, as these events are independent of the Draw-S random

process.

We will thus proceed by applying Theorem C.3 on the relevant marginals, partitioned into sets

of close marginal types, and then considering a replica couple as matched to a surrogate iff each

of their marginals are matched. Note that in order to apply the lemma on independent draws, we

must consider the copied surrogate marginals S̄kℓ in blocks, one copy of Skℓ at a time.

Hence we define M as follows. Fix the replicas Rk, surrogates Sk, and realized replica couples

cG(Rk). Fix some ℓ ∈ [m]. Split the replica marginal couples Aℓ := cG,ℓ(Rkℓ) into h := NR
NS

blocks

Aℓ,1, . . . , Aℓ,h, where each |Aℓ,i| = NS . Split the copied surrogate marginals B := S̄kℓ into h blocks

Bℓ,1, . . . , Bℓ,h (such that each Bℓ,i is a copy of Skℓ). Define d′ := d
m . Consider the partition B of

[0, 1] defined by

B := {[0, d′), [d′, 2d′), . . . , [(b− 1) · d′, 1]},

of size b := |B| ≤ 1
d′ + 1. For each i, let Mℓ,i denote the maximum-cardinality (1-to-1) matching

between Aℓ,i and Bℓ,i that matches some x ∈ Aℓ,i and y ∈ Bℓ,i iff they are in the same interval

(partite set) in B (noting that x, y ∈ [0, 1]). Then define Mℓ to be the matching on (Aℓ, Bℓ) obtained

as the union of the matchings Mℓ,i over all i ∈ [h]. Finally, let M be the matching between the

replica couples cG(Rk) and surrogates Sk that matches some cG(ri) = (cG,ℓ(x1), . . . , cG,ℓ(xm)) and

some sj = (y1, . . . , ym) iff each cG,ℓ(xℓ) and yℓ are matched under Mℓ, ∀ℓ.
Observe that the resulting M is indeed a 1-to-1 matching. Moreover, any matched cG(ri) and

sj are d-close, as

distk(cG(ri), sj) = max
o∈O
|vk(cG(ri), o)− vk(sj , o)| ≤ m · d′ ≤ d,

which follows by the Lipschitz-ness of valuations and because the values in each coordinate of cG(ri)

and sj are within d′ of each other by construction of B and Mℓ.

Finally, we bound the cardinality of M in expectation (conditioned on FlagR = True and the

particular draw G). In the derivation below, we use the fact that for each ℓ ∈ [m] and i ∈ [h], the

sets Aℓ,i and Bℓ,i each consist of NS i.i.d draws from D′
kℓ in order to apply Theorem C.3.

E [|M | | G,FlagR = True] = E [Πm
ℓ=1|Mℓ| | G,FlagR = True] by construction of M

= E

[
Πm

ℓ=1

(
h∑

i=1

|Mℓ,i|

)
| G,FlagR = True

]
by construction of Mℓ

= Πm
ℓ=1

(
h∑

i=1

E [|Mℓ,i| | G,FlagR = True]

)
by independence over ℓ
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≥ Πm
ℓ=1

(
h∑

i=1

NS

(
1−

√
b

NS

))
by Theorem C.3

= (NR)
m ·

(
1−

√
b

NS

)m

≥ R ·
(
1−

√
2m

d
· 1

NS

)m

≥ R · (1−∆Match)

where the last line follows by the choices of ∆Match = O(ε), NS = m3n
ε3

, and d = O(ε). The

expectation is the randomness of tk ∼ Dk; internal randomness of Draw-S, Preprocess, and
Draw-R; and the realization of the coupling cG(Rk). [check the randomness claims]

In particular, this implies that the expected size E[|M∗| | FlagR = True] of the maximum-

cardinality d-close matching |M∗| on Rk and S̄k, conditioned on FlagR = True, is at least E[|M | |
FlagR = True] = EG [E[|M | | G,FlagR = True]] ≥ R(1−∆Match).

Condition (B4).

Proof. Recall that for a fixed G, the coupling cG is product coupling cG := ×ℓ∈[m]cG,ℓ, where each

cG,ℓ is the composed coupling cG,ℓ := cℓ ◦ c̄G,ℓ. First, notice that the product and composition

operations on couplings (as defined in Section 2) commute: that is, we can write cG = c ◦ c̄G ,
where c is the product coupling c := ×ℓ∈[m]cℓ between Dk and D′

k, and c̄G is the product couplings

c̄G := ×ℓ∈[m]c̄G,ℓ between FG and Dk.

We condition on FlagR = True in the rest of this analysis; for brevity, we use ΦF-R to denote

the event FlagR = True. By the above observation, we can write

E

 ∑
ri∈Rk

distk(ri, cG(ri))

∣∣∣∣∣∣ ΦF-R

 = E
G

[∑
i∈R

E [distk(ri, c(c̄G(ri))) | G,ΦF-R]

∣∣∣∣∣ ΦF-R

]

≤ E
G

[∑
i∈R

E [distk(ri, c̄G(ri)) | G,ΦF-R]

∣∣∣∣∣ ΦF-R

]

+ E
G

[∑
i∈R

E [distk(c̄G(ri), c(c̄G(ri))) | G,ΦF-R]

∣∣∣∣∣ ΦF-R

]
.

The unlabeled expectations are over the draw tk ∼ Dk and randomness in Preprocess,

Draw-R, and the realization of ck,G(Rk). We use the law of total expectation and linearity

of expectation in the first line, and the Triangle Inequality in the second, noting that distk(·, ·) is
a metric.

We now bound the two terms on the final RHS separately, starting with the second term. For

arbitrary i ∈ [R], by Condition (B2), the distribution of ri (conditioned on G, FlagR = True) is

equal to FG and so the distribution of cG(ri) is equal to Dk. Thus we have that

E [distk(c̄G(ri), c(c̄G(ri))) | G,ΦF-R] = E
t∼Dk

[distk(t, c(t)) | G,ΦF-R]
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= E
t∼Dk

[distk(t, c(t))]

= dc(Dk, D
′
k)

= dWprod
(
Dk, D

′
k

)
where the last line follows by choice of c. Thus

E
G

[∑
i∈R

E [distk(c̄G(ri), c(c̄G(ri))) | G,ΦF-R]

∣∣∣∣∣ ΦF-R

]
= R · dWprod

(
Dk, D

′
k

)
.

Now consider the first term,
∑

i∈[R] EG [E [distk(ri, c̄G(ri)) | G,ΦF-R] | ΦF-R]. We begin by defin-

ing the eventGood over the random process Preprocess to be the event where G satisfies the guar-

antees stated in Theorem C.2. In particular, Theorem C.2 tells us that Pr[Good] ≥ 1−exp(−nm
ε ),

where the probability is over the draw G ← Preprocess.

Consider arbitrary i ∈ [R]. We start as follows:

E
G
[E [distk(ri, c̄G(ri)) | G,ΦF-R] | ΦF-R] = Pr[Good|ΦF-R] · E [distk(ri, c̄G(ri)) | Good,ΦF-R]

+ (1− Pr[Good|ΦF-R]) · E [distk(ri, c̄G(ri)) | (¬Good),ΦF-R]

≤ E [distk(ri, c̄G(ri)) | Good,ΦF-R] + (1− Pr[Good | ΦF-R])

≤ E [distk(ri, c̄G(ri)) | Good,ΦF-R] +O
( ε
n

)
The second line follows by bounding Pr[Good | ΦF-R] ≤ 1 and E [distk(ri, c̄G(ri)) | (¬Good),ΦF-R] ≤

1 since distk(·, ·) ∈ [0, 1] always. The third line follows by bounding (1 − Pr[Good|ΦF-R]) ≤
(1 − Pr[Good ∩ ΦF-R]) ≤ (1 − Pr[Good]) + (1 − Pr[ΦF-R]) = O

(
ε
n

)
, using Theorem C.2 and

Condition (B1) (and the choice of δD-R).

It remains to bound E [distk(ri, c̄G(ri)) | Good,ΦF-R], which we write as

E
G
[E [distk(ri, c̄G(ri)) | G,Good,ΦF-R] | Good,ΦF-R] .

Fix a particular G = (Gkℓ)ℓ. Recall the construction of coupling c̄G = ×ℓ∈[m]c̄G,ℓ, where we

define p(Gkℓ) := Pry∼Dkℓ
[⌊y⌋η ∈ Gkℓ]. The key observation about c̄G is the following: for a coupled

draw (x, y) ∼ c̄G , except with probability at most
∑

ℓ∈[m](1− p(Gkℓ)) (via union bound), y = x; in

this case, distk(x, y) = 0. It follows that

E [distk(ri, c̄G(ri)) | G,Good,ΦF-R] ≤ E

∑
ℓ∈[m]

(1− p(Gkℓ)) | G,Good,ΦF-R


The statement of Theorem C.2 tells us that conditioned on event Good, 1 − p(Gkℓ) ≤ ε

nm for

all ℓ ∈ [m]. Thus E [distk(ri, c̄G(ri)) | G,Good,ΦF-R] ≤ ε
n . Putting everything together, we can

bound our original first term as∑
i∈[R]

E
G
[E [distk(ri, c̄G(ri)) | G,ΦF-R] | ΦF-R] ≤ R ·

( ε
n

)
.
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Summing up, we conclude that

E

 ∑
ri∈Rk

distk(ri, ck,G(ri))

∣∣∣∣∣∣ ΦF-R

 ≤ R ·
(
dWprod

(
Dk, D

′
k

)
+O

( ε
n

))
= R ·∆(k)

Couple.

C.4 Compute-α

Condition (C1): Approximate equal demand. To prove this claim we will condition on various

high-probability events over the course of the analysis. At the end, we will tally up the failure

probabilities into δDemand. First, condition on the event (over the randomness of Preprocess)

that the output (Gkℓ)ℓ of Preprocess satisfies the claims in Theorem C.2; this event occurs except

w.p. at most exp(−nm
ε ). We fix (Gkℓ)ℓ for the remainder of the proof. Furthermore, we define

ε0 :=
ε7

m7n4 , δ0 :=
ε

nm , and ∆Edge := ε3

m2n
.

Step 1: Discretized Rk and RTr
k are close (as empirical distributions).

[check reasoning]Let Fℓ := (⌊Dkℓ⌋η | Gkℓ) denote the distribution of a sample drawn from ⌊Dkℓ⌋η
conditioned on membership in Gkℓ. Consider the sets (Rkℓ)ℓ∈[m] from Draw-R and sets (R′

kℓ)ℓ
from Compute-α. RTr

kℓ Let ⌊Rkℓ⌋η and ⌊R′
kℓ⌋η denote the sets Rkℓ and R′

kℓ with each element x

rounded down to ⌊x⌋η, respectively. Condition on Flag
(ℓ)′

Draw = True ∀ℓ ∈ [m] in Compute-α, and

FlagR = True inDraw-R; this event occurs except w.p. at most δD-R+m·exp(−Ω(NR)) = O
(
ε
n

)
.

Then observe via Claim 5 (and considering the additional rounding in Fℓ) that conditioned on

FlagR = True, the distribution of each element x ∈ ⌊Rkℓ⌋η is given by Fℓ, for all ℓ ∈ [m].

Similarly, conditioned on Flag
(ℓ)′

Draw = True for each ℓ ∈ [m], the distribution of each element

x′ ∈ ⌊R′
kℓ⌋η is also given by Fℓ, for all ℓ ∈ [m].

Let D̃kℓ denote the uniform distribution over ⌊Rkℓ⌋η, for each ℓ ∈ [m]. That is, D̃kℓ is the

empirical distributions defined by NR draws from Fℓ (with supp(Fℓ) ⊆ Gkℓ). We now apply a stan-

dard result on learning discrete distributions (Theorem C.7). Since NR = m15n9

ε15
≥ log( 4

η·δ0 )/ε0
2,

we have that except with probability at most δ0, for all y ∈ supp(Fℓ),∣∣∣∣Pr
D̃kℓ

[y]− Pr
Fℓ

[y]

∣∣∣∣ < ε0

For all y′ ∈ Gkℓ, Theorem C.2 tells us that Pry∼Fℓ
[y = y′] ≥ ε6

m6n4 (which also means supp(Fℓ) =

Gkℓ).
48 Since ε0 ≤ ε

m ·
ε6

m6n4 , the above bound can be written as

Pr
D̃kℓ

[y] ∈
(
1± ε

m

)
· Pr
Fℓ

[y].

Now let F = ×ℓ∈[m]Fℓ. Let D̃k be the uniform distribution over the product set ×ℓ∈[m]⌊Rkℓ⌋η,
which is the set Rk with the coordinates of elements rounded down to the nearest η multiple.

48Indeed, note that Pry∼(⌊Dkℓ⌋η|Gkℓ)[y = y′] ≥ Pry∼⌊Dkℓ⌋η [y = y′].
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Notice that D̃k = ×ℓ∈[m]D̃kℓ. Via union bound, we have that except with probability at most mδ0,

Pr
D̃k

[y] ∈ (1± 2ε) · Pr
F
[y].

The same reasoning applies to the sets ⌊R′
kℓ⌋η, ∀ℓ ∈ [m]. In particular, letting D̃Tr

k be the

uniform distribution over the product set ×ℓ∈[m]⌊R′
kℓ⌋η, we have that except with probability at

most mδ0,

Pr
D̃Tr

k

[y] ∈ (1± 2ε) · Pr
F
[y]

This implies that except with probability at most 2mδ0, it holds that for all y ∈ supp(F ) =

supp(D̃k) = supp(D̃Tr
k ), PrD̃k

[y] ∈ (1 ± 6ε) PrD̃Tr
k
[y]. Condition on this event (referred to as (⋆))

henceforth.

Step 2: Relate sum of [x∗ij + y∗ij ] over Rk and RTr
k .

Let D̂k and D̂Tr
k denote the uniform distributions over Rk and RTr

k respectively. Note that we can

write D̂k := ×ℓ∈[m]D̂kℓ and D̂Tr
k := ×ℓ∈[m]D̂

Tr
kℓ , where each D̂kℓ is the uniform distribution over Rkℓ

and D̂Tr
kℓ is the uniform distribution over R′

kℓ. Moreover, D̃kℓ = ⌊D̂kℓ⌋η and D̃Tr
kℓ = ⌊D̂Tr

kℓ⌋η, where
D̃Tr

kℓ is the uniform distribution over ⌊R′
kℓ⌋η. As always we have S := |Sk| and R := |Rk| = |RTr

k |.

For any (αj)j , for a type t, we define

z∗tj(α) := x∗tj(α) + y∗tj(α) =
exp

(
−αj

δ

)
·
(
1 + exp

(
ŵtj

δ

))
∑

j′∈[S] exp
(
−αj′

δ

)
·
(
1 + exp

(
ŵtj′
δ

)) ,
for all j ∈ [S]. Here ŵtj is defined according to Theorem 4.1 with respect to distribution D̂′ :=

×k′∈[n]D̂
′
k′ , where each D̂′

k′ is the empirical distribution over Sk′ .

Consider the duals α̂ returned by Compute-α. Fix any surrogate sj ∈ Sk. For any t ∈ [0, 1]m,

we will use the notation ⌊t⌋η to mean the vector (⌊tℓ⌋η)ℓ∈[m]. We start by bounding the difference

between z∗tj(α̂) and z∗t′j(α̂) for any two types t, t′ s.t. ⌊t⌋η = ⌊t′⌋η. Since valuations are Lipschitz,

distk(t, t
′) ≤ m · η ⇒ |ŵtj(α̂)− ŵt′j(α̂)| ≤ m · η. Then we have

z∗t′j(α̂) =
exp

(
− α̂j

δ

)
·
(
1 + exp

(
ŵt′j
δ

))
∑

j′ exp
(
− α̂j′

δ

)
·
(
1 + exp

(
ŵt′j′
δ

))
≤

exp
(
− α̂j

δ

)
·
(
1 + exp

(
ŵtj+mη

δ

))
∑

j′ exp
(
− α̂j′

δ

)
·
(
1 + exp

(
ŵtj′−mη

δ

))
≤ exp

(
2mη

δ

)
·

exp
(
− α̂j

δ

)
·
(
1 + exp

(
ŵtj

δ

))
∑

j′ exp
(
− α̂j′

δ

)
·
(
1 + exp

(
ŵtj′
δ

))
= exp

(
2mη

δ

)
· z∗tj(α̂).

We can now relate the expectation of z∗tj(α̂) over t ∼ D̂k and t ∼ D̂Tr
k . Below, we denote
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U(t) := {t′ ∈ [0, 1]m : ⌊t′⌋η = ⌊t⌋η} for t ∈ [0, 1]m.

E
t∼D̂k

[z∗tj(α̂)] =
∑

t∈supp(D̂k)

Pr
D̂k

[t] · z∗tj(α̂)

≤
∑

t∈supp(D̂k)

Pr
D̂k

[t] · max
t′∈U(t)

z∗t′j(α̂)

=
∑

y∈supp(F )

Pr
t∼D̂k

[⌊t⌋η = y] · max
t′∈U(y)

z∗t′j(α̂)

=
∑

y∈supp(F )

Pr
D̃k

[y] · max
t′∈U(y)

z∗t′j(α̂)

≤
∑

y∈supp(F )

(1 + 6ε) Pr
D̃Tr

k

[y] · max
t′∈U(y)

z∗t′j(α̂)

≤ (1 + 6ε)
∑

t∈supp(D̂Tr
k )

Pr
D̂Tr

k

[t] · max
t′∈U(t)

z∗t′j(α̂)

≤ (1 + 6ε)
∑

t∈supp(D̂Tr
k )

Pr
D̂Tr

k

[t] · exp
(
2mη

δ

)
· z∗tj(α̂)

= (1 + 6ε) · exp
(
2mη

δ

)
· E
t∼D̂Tr

k

[z∗tj(α̂)]

The fifth line follows by (⋆), and the penultimate line follows by the bound on z∗tj(α̂) vs z
∗
t′j(α̂)

for ⌊t⌋η = ⌊t′⌋η. An analogous derivation in the opposite direction, using mint′∈U(t) z
∗
t′j(α̂) instead

of maxt′∈U(t) z
∗
t′j(α̂), yields Et∼D̂k

[z∗tj(α̂)] ≥ (1− 6ε) · exp
(
−2mη

δ

)
·Et∼D̂Tr

k
[z∗tj(α̂)]. Interpreting the

expectations as sums over Rk and RTr
k , we can write the above as follows: for any sj ∈ Sk,∑

ri∈Rk

z∗ij(α̂) ∈
[
(1± 6ε) · exp

(
±2mη

δ

)]
49 ·

∑
ri∈RTr

k

z∗ij(α̂).

Step 3: Relate
∑

ri∈RTr
k
z∗ij(α̂) with analogous estimated edge weight terms.

Recall the estimated edge weights w̃ = (w̃ij)i,j outputted by the subroutine EstEdges. Define

z̃ij(α̂) = x̃ij(α̂) + ỹij(α̂) :=
exp

(
− α̂j

δ

)
·
(
1 + exp

(
w̃ij

δ

))
∑

p∈[S] exp
(
− α̂p

δ

)
·
(
1 + exp

(
w̃ip

δ

)) ,
i.e. the same form as z∗ij(α̂) except replacing wij with w̃ij . By Claim 6, except with probability at

most exp(−nm
ε ), it holds that ∀ri ∈ RTr

k , sj ∈ Sk, |w̃ij − ŵij | ≤ ∆Edge. Condition on this event. It

is then straightforward to see, like in previous derivations, that ∀i, j, z̃ij(α̂) ∈ exp(±2∆Edge
δ )z∗ij(α̂).

This implies that for all sj ∈ Sk,
49We use this notation to mean the interval

[
(1− 6ε) · exp

(
− 2mη

δ

)
, (1 + 6ε) · exp

(
2mη
δ

)]
.
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∑
ri∈RTr

k

z∗ij(α̂) ∈ exp

(
±2∆Edge

δ

)
·
∑

ri∈RTr
k

z̃ij(α̂).

Step 4: Relate z̃ij(α̂) and z̃ij(α̃).

First note that the shift α̃j → α̃j − α̃0 for all j has no effect on z̃ij(α̃): that is, z̃ij(α̃) = z∗ij(α̃− α̃0).

Thus we consider α̃ to be such that minj′ α̃j′ = 0 WLOG. Next consider the truncation at A:

observe that for any j,

exp

(
− α̃j

δ

)
≤ exp

(
− α̂j

δ

)
≤ exp

(
−A

δ

)
+ exp

(
− α̃j

δ

)
.

Denote Cj := 1+exp
(
w̃ij

δ

)
for brevity. Then, for any j ∈ [S], it is a straightforward derivation

to see that

z̃ij(α̂) ≤
exp

(
−A

δ

)
· Cj∑

p∈[S] exp
(
− α̃p

δ

)
· Cp

+ z̃ij(α̃).

Let us analyze the RHS. Note that Cj ≪ exp(2δ ), since w̃ij ≤ 1, and that A = 2δ logS + 4 =

2ε + 4 ≥ 4. Then the numerator exp
(
−A

δ

)
· Cj is at most exp

(
− A

2δ

)
. Furthermore, recall that

there exists some p s.t. α̃p = 0 without loss of generality, so the denominator of the fraction in the

RHS is at least 1. This means that z̃ij(α̂) ≤ exp
(
− A

2δ

)
+ z̃ij(α̃) ≤ 1

S · exp
(
−2

δ

)
+ z̃ij(α̃), and so∑

ri∈RTr
k
z̃ij(α̂) ≤ R

S · exp
(
−2

δ

)
+
∑

ri∈RTr
k
z̃ij(α̃).

To derive a corresponding lower bound, we start as follows:∑
p∈[S]

(
exp

(
−A

δ

)
+ exp

(
− α̃p

δ

))
· Cp ≤

∑
p

(
exp

(
− A

2δ

)
+ exp

(
− α̃p

δ

)
· Cp

)

≤
(
1 + S · exp

(
− A

2δ

))
·
∑
p

exp

(
− α̃p

δ

)
· Cp

=

(
1 + exp

(
−2

δ

))
·
∑
p

exp

(
− α̃p

δ

)
· Cp

≤ 1(
1− exp

(
−2

δ

)) ·∑
p

exp

(
− α̃p

δ

)
· Cp

where the second line follows since
∑

p exp
(
− α̃p

δ

)
· Cp ≥ 1.

Thus we can derive [check]

z̃ij(α̂) ≥
exp

(
− α̃j

δ

)
· Cj∑

p

(
exp

(
−A

δ

)
+ exp

(
− α̃p

δ

))
· Cp

≥
(
1− exp

(
−2

δ

))
·

exp
(
− α̃j

δ

)
· Cj∑

p exp
(
− α̃p

δ

)
· Cp
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=

(
1− exp

(
−2

δ

))
· z̃ij(α̃)

and so
∑

ri∈RTr
k
z̃ij(α̂) ≥

(
1− exp

(
−2

δ

))
·
∑

ri∈RTr
k
z̃ij(α̃). We will use these bounds shortly.

Step 5.
∑

ri∈RTr
k
z̃ij(α̃) =

R
S .

At last we can make the crucial observation about
∑

ri∈RTr
k
z̃ij(α̃): recall that α̃ is computed as the

optimal duals α̃ := argminαP
′
δ(RTr

k ,Sk, w̃, α), and (x̃ij , ỹij)ij is the optimizer of P′
δ(RTr

k ,Sk, w̃, α̃).
This implies that ∑

ri∈RTr
k

z̃ij(α̃) =
∑

ri∈RTr
k

(x̃ij(α̃) + ỹij(α̃)) =
R

S

for all j.

Putting the steps together. We can put the final claims of Steps 1 through 5 together to obtain the

following upper bound (UB) and lower bound (LB): for all j ∈ [S], it holds that

UB :
∑

ri∈Rk

z∗ij(α̂) ≤ (1 + 6ε) ·
(
1 + exp

(
−2

δ

))
· exp

(
2mη + 2∆Edge

δ

)
· R
S

LB :
∑

ri∈Rk

z∗ij(α̂) ≥ (1− 6ε) ·
(
1− exp

(
−2

δ

))
· exp

(
−2mη + 2∆Edge

δ

)
· R
S

From the UB, we see that for any λ s.t. 1 + λ ≥ (1 + 6ε) ·
(
1 + exp

(
−2

δ

))
· exp

(
2mη+2∆Edge

δ

)
,

we have
∑

ri∈Rk
x∗ij(α̂) + y∗ij(α̂) ≤ (1 + λ) · RS . Observe that for any such λ, 1 − λ ≤ (1 − 6ε) ·(

1− exp
(
−2

δ

))
·exp

(
−2mη+2∆Edge

δ

)
.50 This means that we also have the lower bound

∑
ri∈Rk

x∗ij(α̂)+

y∗ij(α̂) ≥ (1− λ) · RS for any such λ.

Substituting δ = ε ·
(
m log m3n

ε3

)−1
, η = ε3

m3n
, and ∆Edge = ε3

m2n
, it is not hard to see that both(

1 + exp
(
−2

δ

))
= 1 +O(ε) and exp

(
2mη+2∆Edge

δ

)
= 1 +O(ε), which implies that

(1 + 6ε) ·
(
1 + exp

(
−2

δ

))
· exp

(
2mη + 2∆Edge

δ

)
= 1 +O(ε).

Thus choosing λ = O(ε) suffices to satisfy the claim.

Tallying up the failure probabilities of the events we conditioned on yields

exp
(
−Ω

(nm
ε

))
+O

( ε
n

)
+ 2mδ0 = O

( ε
n

)
,

so we can choose δDemand = O
(
ε
n

)
. This completes the proof of Condition (C1).

Condition (C2): Approximate max-weight. Let R := |Rk|, S := |Sk|, κ := R
S . Consider

program P′
δ(Rk,Sk, ŵ, α̂) and let Opt(P′) denote Opt(P′

δ(Rk,Sk, ŵ, α̂)). Let Opt(P) denote

50This follows from observing that (1+6ε)·
(
1 + exp

(
− 2

δ

))
·exp

(
2mη+2∆Edge

δ

)
≥

(
1 + 6ε+ exp

(
− 2

δ

)
+ 2mη+2∆Edge

δ

)
,

while
(
1− 6ε− exp

(
− 2

δ

)
− 2mη+2∆Edge

δ

)
≤ (1− 6ε) ·

(
1− exp

(
− 2

δ

))
· exp

(
− 2mη+2∆Edge

δ

)
.
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Opt(P(Rk,Sk, ŵ)). We first show that Opt(P′) ≥ Opt(P).51

Let (xPij)i,j denote the optimizer of the program P(Rk,Sk, ŵ), that is, a max-weight matching on

(Rk,Sk). Observe that (xPij)i,j can be extended to a feasible 0-1 solution (xPij , y
P
ij)i,j to the entropy-

regularized matching program given by P′
δ(Rk,Sk, ŵ, α̂), such that for all j,

∑
i x

P
ij + yPij = κ.52

Since (xPij , y
P
ij)i,j is a {0, 1}-solution, the objective value of this feasible solution to P′

δ(Rk,Sk, ŵ, α̂)
is exactly

∑
i,j x

P
ijŵij = Opt(P). Thus Opt(P′) is at least Opt(P).

Now consider the optimizer (x∗ij(α̂), y
∗
ij(α̂))i,j of P′

δ(Rk,Sk, ŵ, α̂), and the resulting objective

value Opt(P′), which is given by

∑
i,j

x∗ij(α̂)wij − δ
∑
i,j

(x∗ij(α̂) log x
∗
ij(α̂) + y∗ij(α̂) log y

∗
ij(α̂)) +

∑
j

α̂j

(
κ−

∑
i

(x∗ij(α̂) + y∗ij(α̂))

)
.

Observe the following two bounds:

1. The term −δ
∑

i,j(x
∗
ij(α̂) log x

∗
ij(α̂) + y∗ij(α̂) log y

∗
ij(α̂)) is upper bounded by δR log(2S), by

the maximum entropy of a distribution (over a finite support of size 2S).

2. By Condition (C1), we have that except with probability at most δDemand (over the random-

ness of Preprocess, Compute-α, Draw-R, and tk ∼ Dk),∑
ri∈Rk

x∗ij(α̂) + y∗ij(α̂) ≥ (1− λ)κ.

Under this event (call it E), the term
∑

j α̂j

(
κ−

∑
i(x

∗
ij(α̂) + y∗ij(α̂))

)
is at most λ ·A ·R.

Notice that
∑

i,j(1−λ)x∗ij(α̂)ŵij is always in the range [−R,R], since ŵij ∈ [−1, 1] (by bounded

valuations and payments) and since
∑

j x
∗
ij ≤ 1. Hence

E[
∑
i,j

(1− λ)x∗ij(α̂)ŵij ] = Pr [E]E[
∑
i,j

(1− λ)x∗ij(α̂)ŵij |E] + Pr [¬E]E[
∑
i,j

(1− λ)x∗ij(α̂)ŵij |¬E]

≥ (1− δDemand)E[
∑
i,j

(1− λ)x∗ij(α̂)ŵij |E]− δDemand ·R

≥ E[
∑
i,j

x∗ij(α̂)ŵij |E]− 2 · δDemand ·R− λ ·R

≥ E[Opt(P′)− δR log(2S)− λ ·A ·R]− 2 · δDemand ·R− λ ·R
≥ E[Opt(P)]−R · (δ log(2S) + λ ·A+ 2δDemand + λ)

≥ E[Opt(P)]−O(Rε)

where the last line follows since δ = ε logS, λ = O(ε), A = O(1), and δDemand = O
(
ε
n

)
. Thus

our choice of ∆MWM = O(ε) proves Condition (C2).

51This is similar to Lemma 7 in [COVZ19], and the proof is similar.
52To see this, iterate through i : 1 → R and do the following: if xP

ij = 0 for all j, then set yP
iℓ = 1 for a surrogate

sℓ with minimum value of
∑

i′∈[R] x
P
i′j +

∑
i′<i y

P
i′j over all surrogates, and all other yP

ij = 0; else, if ∃ℓ s.t. xP
iℓ = 1,

set yP
ij = 0 for all j. Since xP satisfies

∑
i x

P
ij ≤ κ for all j, and there are R = κ · S replicas, it is easy to see that this

iteration will ensure
∑

i x
P
ij + yP

ij = κ for all j.
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C.5 Match

Condition (D1): The claim follows immediately from the Fast Exponential Bernoulli Race (The-

orem 4.7). In particular, Theorem 4.7 implies that the implementation of Match outputs sj with

probability
exp((ŵij − α̂j)/δ)∑

j′∈[S] exp(−α̂j′/δ) · (1 + exp(ŵij′/δ)

which is exactly x∗ij(α̂) (with respect to weights ŵij), and returns ◦j with probability

exp(−α̂j/δ)∑
j′∈[S] exp(−α̂j′/δ) · (1 + exp(ŵij′/δ)

which is exactly y∗ij(α̂) (with respect to weights ŵij), recalling Theorem 4.6 and Theorem 4.4.

Moreover, note that running the Fast Exponential Bernoulli Race will use independent samples

(fresh randomness) every time it is called, across the replicas Rk.

C.6 Payment

Conditions (E1) - (E3): Conditions (E1), (E2), and (E3) are proved directly via Theorem C.4,

Theorem C.5, and Theorem C.6, respectively, below. To see that Condition (E1) follows from

Theorem C.4, note that the term δ · log
(∑

j∈[S] exp
(
−α̂j

δ

))
is a constant that does not depend on

tk. For brevity throughout the proofs, we abbreviate x∗j := x∗tkj , y
∗
j := y∗tkj , x

λ
j := xλtkj , y

λ
j := yλtkj ,

and ŵj := ŵtkj .

Lemma C.4.

E
λ,s′,s′′,t−k,A′,p′

[qk] = δ
∑
j∈[S]

(x∗j (α̂) log x
∗
j (α̂) + y∗j (α̂) log y

∗
j (α̂)) +

∑
j∈[S]

α̂j(x
∗
j (α̂) + y∗j (α̂))

+ δ · log

∑
j∈[S]

exp

(
−α̂j

δ

)
Proof.

E
λ,s′,s′′,t−k,A′,p′

[qk] = E
s′,t−k,A′,p′

[Wk(tk, s
′, t−k)]− E

λ,s′′,t−k,A′,p′
[Wk(tk, s

′′, t−k)]− δ log 2

=
∑
j∈[S]

x∗j (α̂) · ŵj −
∫ 1

0

∑
j∈[S]

xλj (α̂) · ŵj dλ− δ log 2

=
∑
j∈[S]

x∗j (α̂) · ŵj − δ ·

log
∑

j

exp

(
−α̂j

δ

)
(1 + exp(λŵj/δ))

1

0

− δ log 2

=
∑
j∈[S]

x∗j (α̂) · ŵj − δ · log

∑
j

exp

(
−α̂j

δ

)
(1 + exp(ŵj/δ))


+ δ · log

∑
j

exp

(
−α̂j

δ

)
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= δ ·
∑
j∈[S]

x∗j (α̂) · log

 exp
(
ŵj

δ

)
∑

j′ exp
(−α̂j′

δ

) (
1 + exp(ŵj′/δ)

)


− δ · log

∑
j

exp

(
−α̂j

δ

)
(1 + exp(ŵj/δ))

∑
j

y∗j (α̂)

+ δ · log

∑
j

exp

(
−α̂j

δ

)
(
∑

j(x
∗
j (α̂) + y∗j (α̂)) = 1)

= δ ·
∑
j∈[S]

x∗j (α̂) log x
∗
j (α̂) +

∑
j

α̂jx
∗
j (α̂) + δ · log

∑
j

exp

(
−α̂j

δ

)
− δ · log

∑
j

exp

(
−α̂j

δ

)
(1 + exp(ŵj/δ))

∑
j

y∗j (α̂)

To conclude, note that

δ
∑
j

y∗j (α̂) log y
∗
j (α̂) = δ

∑
j

y∗j (α̂) log

 exp
(
−α̂j

δ

)
∑

j′ exp
(−α̂j′

δ

) (
1 + exp(ŵj′/δ)

)


= −
∑
j

α̂j · y∗j (α̂)− δ · log

∑
j

exp

(
−α̂j

δ

)
(1 + exp(ŵj/δ))

∑
j

y∗j (α̂)

Lemma C.5.
∑

j∈[S] x
∗
j (α̂) · ŵj − Eλ,s′,s′′,t−k,A′,p′ [qk] ≥ 0

Proof.∑
j∈[S]

x∗j (α̂) · ŵj − E
λ,s′,s′′,t−k,A′,p′

[qk]

=
∑
j∈[S]

x∗j (α̂) · ŵj − E
s′,t−k,A′,p′

[Wk(tk, s
′, t−k)] + E

λ,s′′,t−k,A′,p′
[Wk(tk, s

′′, t−k)] + δ log 2

=

∫ 1

0

∑
j∈[S]

xλj (α̂) · ŵj dλ+ δ log 2

= δ ·

log
∑

j

exp

(
−α̂j

δ

)
(1 + exp(λŵj/δ))

1

0

+ δ log 2

= δ · log

∑
j

exp

(
−α̂j

δ

)
(1 + exp(ŵj/δ))

− δ · log

∑
j

exp

(
−α̂j

δ

)
≥ 0

73



Lemma C.6. Eλ,s′,s′′,t−k,A′,p′ [qk] ≥ −δ log 2

Proof. Since

E
λ,s′,s′′,t−k,A′,p′

[qk] =
∑
j∈[S]

x∗j (α̂) · ŵj −
∫ 1

0

∑
j∈[S]

xλj (α̂) · ŵj dλ− δ log 2

it suffices to show that
∑

j∈[S](x
∗
j (α̂)−xλj (α̂)) · ŵj ≥ 0 for all λ ∈ (0, 1). Toward this end, note that

by Fact 4.6,∑
j∈[S]

x∗j (α̂)ŵj + δ
∑
j

(x∗j (α̂) log x
∗
j (α̂) + y∗j (α̂) log y

∗
j (α̂))−

∑
j

α̂j(x
∗
j (α̂) + y∗j (α̂))

≥
∑
j∈[S]

xλj (α̂)ŵj + δ
∑
j

(xλj (α̂) log x
λ
j (α̂) + yλj (α̂) log y

λ
j (α̂))−

∑
j

α̂j(x
λ
j (α̂) + yλj (α̂))∑

j∈[S]

xλj (α̂)λŵj + δ
∑
j

(xλj (α̂) log x
λ
j (α̂) + yλj (α̂) log y

λ
j (α̂))−

∑
j

α̂j(x
λ
j (α̂) + yλj (α̂))

≥
∑
j∈[S]

x∗j (α̂)λŵj + δ
∑
j

(x∗j (α̂) log x
∗
j (α̂) + y∗j (α̂) log y

∗
j (α̂))−

∑
j

α̂j(x
∗
j (α̂) + y∗j (α̂))

Adding these two inequalities and simplifying yields∑
j∈[S]

(x∗j (α̂)− xλj (α̂)) · ŵj · (1− λ) ≥ 0

which implies the desired inequality for all λ ∈ (0, 1).

C.7 Helper Technical Lemmas

The following technical lemmas are used in the proofs of meta-input requirements.

Claim 6 (Estimated edge weights w̃ij). Except with probability at most exp
(
−nm

ε

)
, ∀ri ∈ RTr

k , sj ∈
Sk, |w̃ij − ŵij | ≤ ∆Edge, where w̃ij is the output of EstEdges(RTr

k , (Sk′)k′∈[n]) and ŵij is defined

according to Theorem 4.1 with respect to distribution D̂′ := ×k′∈[n]D̂
′
k′, where each D̂′

k′ is the

empirical distribution over Sk′.

Proof. Recall that ∆Edge = ε3

m2n
and NEdge = m6n3

ε9
= (∆Edge)

−3. Consider a particular ri, sj .

Observe that w
(p)
ij , for p ∈ [NEdge], in EstEdges is are independent random variables each with

mean E[w(p)
ij ] = ŵij (over the randomness of the sample t-k ∼ D̂′

-k, and of A′ and p′). Furthermore,

note that each w
(p)
ij ∈ [−1, 1] (by the bounded range of valuations and payments). It follows by a

Hoeffding bound that

Pr [|w̃ij − ŵij | ≥ ∆Edge] ≤ 2 · exp(−NEdge ·∆Edge
2) ≤ 1

R
· 1
S
exp

(
−nm

ε

)
by definition of w̃ij := 1

NEdge

∑NEdge
p=1 w

(p)
ij and choice of NEdge. A union bound over all ri ∈ RTr

k ,

sj ∈ Sk gives the claim.
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Lemma C.7 (Learning discrete distributions [Can20]). Let F be a discrete distribution over some

finite support of size N . Then for any ε, δ > 0, the empirical distribution F̂ defined by drawing

T ≥ log(2N)+log(1/δ)
2ε2

independent samples from F satisfies the following: with probability at least

1− δ, it holds that for all y ∈ supp(F ), |pF̂ (y)− pF (y)| < ε.

Lemma C.8 (Babichenko et al. [BBP17], Devanur et al. [DHP16]). Let D = ×iDi be a product

distribution. For each i, draw N samples from Di and define D̄i to be the uniform distribution over

these samples. Let D̄ = ×iD̄i denote the product distribution whose marginals are given by D̄i. For

all ε > 0 and f : supp(D)→ [0, H], we have that

Pr(|ED̄[f ]− ED[f ]| > ε) ≤ 4H
ε exp

(
− ε2N

8H2

)
D Extension: Unbounded Ex-Post Payments

Condition (A1) follows by setting ε′ := 1
2εD-S = O(ε), ∆ := ∆D-S = O(nε), and N := NS = m3n

ε3
in

Theorem D.1, for which the failure probability comes out to O(ε) = δD-S.

Lemma D.1. Consider mechanismM′ = (A′, p′) over D′ = ×k∈[n]D
′
k where each D′

k = ×ℓ∈[m]D
′
kℓ.

For each bidder k and item ℓ, draw N samples from D′
kℓ and define D̂′

kℓ to be the uniform distribu-

tion over these samples. Let D̂′
k = ×ℓD̂

′
kℓ and D̂′ = ×kD̂

′
k. Let M̂ ′ = (A′, p̂) and FlagEst denote

the output of EstMechanism(M′, D̂′). With probability at least

1− 8nN2m

ε′ exp
(
− ε′2N

16

)
− 2nN2m exp(−2ε′2 ·N)− 4n

∆ exp
(
−∆2N

8n2

)
,

FlagEst = True and M̂′ is an (ε + 6ε′)-BIC and 4ε′-IR mechanism for bidders with types drawn

from D̂′ whose revenue from these bidders is at most ∆ smaller than the revenue ofM′ from bidders

whose types are drawn from D′.

Proof. Recall that valuations vk(·, ·) are in [0, 1], so by Theorem C.8,

Pr(|Et-k∼D̂′
-k
[vk(tk,A′(t′k, t−k))]− Et-k∼D′

-k
[vk(tk,A′(t′k, t−k))]| > ε′) ≤ 4

ε′ exp
(
− ε′2N

8

)
for each bidder k and types tk, t

′
k ∈ supp(D̂′

k). Moreover, by Hoeffding,

Pr(|v̂k(tk, t′k)− Et-k∼D̂′
-k
[vk(tk,A′(t′k, t−k))]| > ε′) ≤ 2 exp(−2ε′2 ·N)

Via union bound, the probability that the above two events hold for each bidder k and each pair

of types tk, t
′
k ∈ supp(D̂′

k) simultaneously is at least

1− 8nN2m

ε′ exp
(
− ε′2N

16

)
− 2nN2m exp(−2ε′2 ·N).

For the remainder of the proof, we condition on these events.

Conditioned on these events, the interim payment ofM′

p′k(tk) = Et−k∼D′
−k
[p′k(tk, t−k)]
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is a feasible solution to the linear program in EstMechanism

max
p̂′

Et∼D̂′ [
∑

k p̂
′
k(tk)]

s.t. v̂k(tk, t
′
k)− p̂′k(tk) ≥ v̂k(tk, t

′
k)− p̂′k(t

′
k)− (ε+ 4ε′) ∀ k ∈ [n], tk, t

′
k ∈ supp(D̂′

k)

v̂k(tk, t
′
k)− p̂′k(tk) ≥ −2ε′ ∀ k ∈ [n], tk ∈ supp(D̂′

k)

sinceM′ is ε-BIC and IR over D′, so

Et-k∼D′
-k
[vk(tk,A′(t))− p′k(t)] ≥ Et-k∼D′

-k
[vk(tk,A′(t′k, t-k))− p′k(t

′
k, t-k)]− ε

Et-k∼D′
-k
[vk(tk,A′(t))− p′k(t)] ≥ 0

for all bidders k and types tk, t
′
k ∈ supp(D′

k). It follows that FlagEst = True and that M̂′ =

(A′, p̂′), which charges p̂′k(tk) to bidder k whenever she reports tk (regardless of what the other

bidders report), is an (ε+ 6ε′)-BIC nad 4ε′-IR mechanism for D̂′.

It remains to bound the revenue loss. Since the interim payment p′k(tk) ∈ [0, 1] (asM′ is IR for

D′), it follows from Theorem C.8 that

Pr(|Et∼D̂′ [
∑

k p
′
k(tk)]− Et∼D′ [

∑
k p

′
k(tk)]| > ∆) ≤ 4n

∆ exp
(
−∆2N

8n2

)
.

Moreover, p̂′ is an optimal solution to the linear program, while the interim payment rule p′ is a

feasible solution, so

Et∼D̂′ [
∑

k p̂
′
k(tk)] ≥ Et∼D̂′ [

∑
k p

′
k(tk)]

The result follows since Rev(M̂′, D̂′) = Et∼D̂′ [
∑

k p̂
′
k(tk)] and Rev(M′;D′) = Et∼D′ [

∑
k p

′
k(tk)].

E Extension: An Ex-Post IR Output

Condition (A1) follows by setting ε′ := 1
2εD-S = O(ε), ∆ := ∆D-S = O(nε), N := NS = m3n

ε3
, and

NQuery := (mn/ε)3 in Theorem E.1, for which the failure probability comes out to O(ε) = δD-S.

Lemma E.1. Consider mechanismM′ = (A′, p′) over D′ = ×k∈[n]D
′
k where each D′

k = ×ℓ∈[m]D
′
kℓ.

For each bidder k and item ℓ, draw N samples from D′
kℓ and define D̂′

kℓ to be the uniform distribu-

tion over these samples. Let D̂′
k = ×ℓD̂

′
kℓ and D̂′ = ×kD̂

′
k. Let M̂ ′ = (Â′, p̂) and FlagEst denote

the output of EstMechanism(M′, D̂′). With probability at least

1− 8nN2m

ε′ exp
(
− ε′2N

16

)
− 2nNm·(n+1) exp(−2ε′2 ·NQuery)− 4n

∆ exp
(
−∆2N

8n2

)
,

FlagEst = True and M̂′ is an (ε + 4ε′)-BIC mechanism for bidders with types drawn from D̂′

whose revenue from these bidders is at most ∆ smaller than the revenue ofM′ from bidders whose

types are drawn from D′.

Proof. Recall that valuations vk(·, ·) are in [0, 1], so by Theorem C.8,

Pr(|Et-k∼D̂′
-k
[vk(tk,A′(t′k, t−k))]− Et-k∼D′

-k
[vk(tk,A′(t′k, t−k))]| > ε′) ≤ 4

ε′ exp
(
− ε′2N

8

)
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for each bidder k and types tk, t
′
k ∈ supp(D̂′

k). Moreover, by Hoeffding,

Pr(|E[vk(tk, Â′(t′k, t−k))]− E[vk(tk,A′(t′k, t−k))]| > ε′) ≤ 2 exp(−2ε′2 ·NQuery)

for each bidder k, tk, t
′
k ∈ Sk, and t−k ∈ S−k. Via union bound, the probability that

|Etk∼D̂′
−k
[vk(tk, Â′(t′k, t−k))]− Et−k∼D′

−k
[vk(tk,A′(t′k, t−k))]| ≤ 2ε′

for all bidders k and types tk, t
′
k ∈ Sk simultaneously is at least

1− 8nN2m

ε′ exp
(
− ε′2N

16

)
− 2nNm·(n+1) exp(−2ε′2 ·NQuery).

For the remainder of the proof, we condition on this event.

Conditioned on this event, the interim payment ofM′

p′k(tk) = Et−k∼D′
−k
[p′k(tk, t−k)]

is a feasible solution to the linear program in EstMechanism

max
p̂′

Et∼D̂′ [
∑

k p̂
′
k(tk)]

s.t. Etk∼D̂′
−k
[vk(tk, Â′(t))]− p̂′k(tk) ≥ Etk∼D̂′

−k
[vk(tk, Â′(t′k, t−k))]− p̂′k(t

′
k)

− (ε+ 4ε′) ∀ k ∈ [n], tk, t
′
k ∈ supp(D̂′

k)

Etk∼D̂′
−k
[vk(tk, Â′(t))]− p̂′k(tk) ≥ −2ε′ ∀ k ∈ [n], tk ∈ supp(D̂′

k)

sinceM′ is ε-BIC and IR over D′, so

Et-k∼D′
-k
[vk(tk,A′(t))− p′k(t)] ≥ Et-k∼D′

-k
[vk(tk,A′(t′k, t-k))− p′k(t

′
k, t-k)]− ε

Et-k∼D′
-k
[vk(tk,A′(t))− p′k(t)] ≥ 0

for all bidders k and types tk, t
′
k ∈ supp(D′

k). It follows that FlagEst = True and that M̂′ =

(Â′, p̂′), which charges p̂′k(tk) to bidder k whenever she reports tk (regardless of what the other

bidders report), is an (ε+ 4ε′)-BIC and 2ε′-IR mechanism for D̂′.

It remains to bound the revenue loss. Since the interim payment p′k(tk) ∈ [0, 1] (asM′ is IR for

D′), it follows from Theorem C.8 that

Pr(|Et∼D̂′ [
∑

k p
′
k(tk)]− Et∼D′ [

∑
k p

′
k(tk)]| > ∆) ≤ 4n

∆ exp
(
−∆2N

8n2

)
.

Moreover, p̂′ is an optimal solution to the linear program, while the interim payment rule p′ is a

feasible solution, so

Et∼D̂′ [
∑

k p̂
′
k(tk)] ≥ Et∼D̂′ [

∑
k p

′
k(tk)]

The result follows since Rev(M̂′, D̂′) = Et∼D̂′ [
∑

k p̂
′
k(tk)] and Rev(M′;D′) = Et∼D′ [

∑
k p

′
k(tk)].
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